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Abstract 



The Rees algebra R(/) = R[It] C R[t] of an ideal / C -R of a Noetlierian local ring R plays a 
major role in commutative algebra and in algebraic geometry, since Proj(R(/)) is the blowup 
of the afiine scheme Spec(i?) along the closed subscheme Spec(-R//). 

So far, the problem of describing the equations of Rees algebras of ideals, as well as 
other related algebras, has shown to be relevant in order to further understand these major 
algebraic objects. The equations of R(/) arise as the elements in the kernel of a symmetric 
presentation ip : V —^ R(-^)- While this kernel may differ from one presentation to another, 
the degrees of a minimal generating set of homogeneous elements are known to be inde- 
pendent of (/9. The top degree among such generating sets, known as the relation type and 
denoted by rt(/), is a coarse measurement of the complexity of the underlying Rees algebra 
which is nonetheless a useful numerical invariant. The ideals / such that rt(/) = 1, known 
as ideals of linear type, have been intensely studied so far. 

In this dissertation, we tackle the problem of describing the equations of R(/) for / = 
(J, y), with y ^ J and J being of linear type, i.e., for ideals of linear type up to one minimal 
generator. Throughout, such ideals will be referred to as ideals of almost-linear type. 

The main results of this work stem from two different approaches towards the problem. 

In Theorem A, we give a full description of the equations of Rees algebras of ideals of 
the form / = {J,y), with J = {xi, . . . ,Xs) satisfying an homological vanishing condition. 
Theorem A permits us to recover and extend well-known results about families of ideals 
fulfilling the almost-linear type condition due to Vasconelos, Huckaba, Trung, Heinzer and 
Kim, among others. 

Let q; : S(/) — 7- R(/) be the canonical morphism from the symmetric algebra of / to the 
Rees algebra of /. In Theorem B, we prove that the injectivity of a single component of 



a : S(/) — 7> R(/) propagates downwards, provided / is of almost-linear type. In particular, 
this result gives a partial answer to a question posed by Tcliernev. 

Finally, packs of examples are introduced, which illustrate the scope and applications 
of each of the results presented. The author also gives a collection of computations and 
examples which motivate ongoing and future research. 



Notations 



R: commutative ring with unit 1 7^ 0, most often Noetherian and local. 

k: field. 

J, J: finitely generated ideals of R, with J G I. 

M: i?-module. 

(Ml -.R M2) = {a G i? I aM2 C Mi}. 

{J -R y°°) = U„>i(J -.R y"): saturation. 

Ml ^R M2: tensor product of /?- modules. 

p, q: prime ideals. 

m: maximal (or maximal homogeneous) ideal. 

VVj{I)n = ( J n I"')/JI"'~^: n-th Valabrega- Valla module of / with respect to J. 

Ass(i?//): associated prime ideals of R/I. 
Min{R/I): minimal prime ideals of R/I. 
9T(-R): nilradical of R. 

U = (Bn>oUn'- standard i?-algebra. 

U+ = ®n>oUn'- irrelevant ideal of U. 

V, W: polynomial rings over R. 

(f, ip: polynomial presentations. 

Q = ®n>oQn'- homogeneous ideal. 

Q{r): subideal of Q generated by its homogeneous elements of degree < r. 

d: differential operator of a complex of i?-modules. 
Hi{z;R): i-th Koszul homology. 



Zi{z;R): i-th Koszul cycles. 
Bi{z ; R): i-th Koszul boundaries. 

S(M) = ©„>oS„(M): symmetric algebra of M. 
R(/) = ©„>o/": Rees algebra of /. 
G(/) = ©„>o/"//"^^: associated graded ring of /. 
F(/) = ©„>o/"/m/": fiber cone of / with respect to m. 

aj, /3i, 7/ (or simply denoted a, [5 and 7) are the canonical blowing-up morphisms: 

ai : S(/) -^ R(/); 

/3, : S(///2) ^ G(J); 

7/ : S(//m/) ^ F(/). 

E{I)n = kerQ;„/Si(/) ■ kerQ;„_i: n-th module of effective relations. 

X'^,x'^: monomials in multi-index notation. 
supp(cr): support of an integer vector. 

dim(i?): KruU dimension. 

A(M): length of an i?-module M. 

fi{I): minimal number of generators of /. 

ht(J): height of/. 

pd;^(M): projective dimension of an i?-module M. 

rt(/): relation type of /. 

rj(J): reduction number with respect to J. 

i{I): analytic spread of /. 

/i(/) — ht(/): deviation of /. 

ad(/) = £{I) — ht(/): analytic deviation of I. 

sd(/) = /x(/) — i{I): second analytic deviation of /. 
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Summary of results 



For the sake of clarity, let us first introduce the basic assumptions and state the main results 
presented along this work. 

The equations of Rees algebras of ideals of almost-linear type 

Recall that the reduction number of I with respect to J, J C J, is the least integer r > 
such that r+i = Jr\ denoted by rj(/). Set V = R[Xi, . . . ,X„r] and let v? : V' ^ R(/) 
be the polynomial presentation of R(/), the Rees algebra of /, sending Xi to Xit and Y to 
yt. Let Q = (Bn>iQn be the kernel of (/?. Given an integer m > 0, set Q{jn) C Q the ideal 
generated by the homogeneous elements of Q of degree at most m in Xi, . . . ,Xs,Y. The 
relation type of /, denoted by rt(/), is the least integer A^ > 1 such that Q = Q{N). Let 
G(/) = ©„>o/"//"'^^ be the associated graded ring of /. li z E R\ n„>o I"', we will denote 
by z* the initial form of z in G(/), i.e., z* = z + /""""^ where z E jn\^jn+i^ 

Theorem A. Let {R, m) be a Noetherian local ring and let I he an ideal of R. Let Xi, . . . ,Xs,y 
be a minimal generating set of I, where J = (xi, . . . ,Xs) is a reduction of I with reduction 
number r = tj{I). Assume that Xi, . . . ,Xs verify the following condition for all n > 2: 

((xi, . . . , x,_i)/"-i : Xi) n r-' = (xi, . . . , x,_l)r-^ for allt = l,...,s. {%) 

Then, for each n > 2, the map sending F G Qn to F{0, ...,0,1) G {JI^~^ : y") induces an 
isomorphism of R-modules 



Q 



Q(n-l) 



rt— 1 . „,n\ 



[jr^' : y 



(JJn-2 ■,yn-iy 

In particular, rt(/) = rj(/) + l and there is a form Y^^^ — "^ XiFi G Qr+i, with Fi G Vr, such 
that Q = (y+i — Y^ XiFi) + Q{r) . Moreover, if xi, . . . ,Xs is an R-sequence and xl, . . . , x*_-^ 
is a G {I) -sequence, then Xi, . . . ,Xs verify condition {%i) for all n>2. 
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Theorem A permits us to recover, even extend, a set of well known results regard- 
ing classes of almost-linear type ideals due to Vasconelos [VasconcelosQl, Theorem 2.3.3], 
Trung [Trung87, Theorem 1.2, Proposition 5.1], Huckaba [Huckaba89, Theorems 1.4, 1.5] 
and Heinzer-Kim [HK03, Theorem 5.6]. 

Examples 

Let {R, m) be a Noetherian local ring. Let a, 6 G -R be an i?-sequence. As an application 
of Theorem A, we give a full description of the equations of R(/), where I is any of the 
following ideals: 

(z) / = [a^ ,}f,alP~^) with p > 2 an integer (see Example 2.6.1); 
{ii) I = (a^. If, a?V~'^) with p > 2 an odd integer (see Example 2.6.5). 

These examples may be considered folklore and they are easily computable, although this 
computation may be expensive, for a given p>2. However, our approach is new. 

The injectivity of the canonical blowing-up morphism 

Let a I : S(/) — t- R(/) be the canonical morphism from the symmetric algebra of / to the Rees 
algebra of /. We write ai^p the p-th graded component of aj. Fixing p >2, Tchernev asked 
in [Tchernev07] whether aj^p being an isomorphism implies that ai^n is an isomorphism for 
each 2 < n < p. Observe that, as regards the following result, we do not need the Noetherian 
hypothesis. 

Theorem B. Let R be a commutative ring. Let I = {xi, . . . ,Xs,y) be an ideal of R and let 
p > 2 be an integer. Suppose that the ideal J = (xi, . . . ,Xs) verifies that aj^n '■ S„(J) — )■ J" 
is an isomorphism for all2 < n < p. Then the following conditions are equivalent: 

(i) aj^p : Sp(/) -^ I^ is an isomorphism; 
(ii) aj^n '■ S„(/) — )■ /" is an isomorphism for each 2 < n < p. 

Remark that the ideals of almost-linear type fulfil the hypotheses of Theorem B, hence 
the equivalence of (i) and (ii) holds true for such ideals. 
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Example 

Kiihl [Kuhl82, Example 1.4] gave an example of a finitely generated ideal / with aj^n being 
an isomorphism for n > 3, while kera2 7^ 0. In particular, 5/ : Proj(R(/)) -^ Proj(S(/)) 
is an isomorphism of schemes, but aj is not an isomorphism of i?-algebras. The following 
example shows, for a given integer p > 2, an ideal / such that «/_„ is an isomorphism for 
n > p + 1, whereas ai^p is not. 

Example 3.9.1. Let fc be a field and let p > 2. Let S = k[Uo, . . . , Up, X, Y] be a polynomial 
ring and let Q be the ideal of S defined as Q = Qi + {UqXp), where 

Qi = {UoY, UoX - UiY, UiX - U2Y, . . . , U^^.X - UpY, U^X). 

Let R be the factor ring S/Q = k[uo,. ■ ■ ,Up,x,y] and consider the ideal / = {x,y) C R. 
Then, aj^n is an isomorphism for all n > p + 1, whereas aj^p is not. 
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Chapter 1 



Introduction 



1.1 Rees algebras and blowing-up 

So far, several graded rings associated with a (Noetherian local) ring R and an ideal / 
have been given much attention within the bounds of commutative algebra and algebraic 
geometry: the Rees algebra R(/) = R[It] = ©„>o/", the associated graded ring G(/) = 
©„>o/"//"+\ the fiber cone F(/) = ©„>o/"/m/", the extended Rees algebra R[It,t-^], the 
symbolic Rees algebra Rs(/) = ©n>o-^*'"\ as well as approximations to these rings such as 
the symmetric algebras Sr{I) and Sr//(///^). All these graded rings are best known as 
blowing-up algebras. Today, the Rees algebra plays a central role among them, although 
originally more attention was focused on the associated graded ring and the extended Rees 
algebra. 

Rees algebras were originally introduced by David Rees to study several problems in 
commutative algebra, thus yielding, according to [HH93], to three most remarkable results 
that have become classical over time: the construction of a counterexample to Zariski's 
generalisation of Hilbert's 14-th problem [Rees58], the Artin-Rees lemma [Rees56] and a 
celebrated criterion for a local ring to be analytically unramified [Rees61]. Rees algebras of 
ideals in Noetherian rings capture in another Noetherian ring a great deal of information 
about how the ideal / sits in the ring R and how its powers change. The study of Rees 
algebras is important to several fields of study and open problems in algebra as well as in 
geometry. 
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As it is claimed in [HH93, Introduction] ever since the introduction of the Hilbert function 
and the discovery of its key numerical invariants, the importance of understanding how the 
ideals behave as we raise them to powers is widely acknowledged. The study of Cohen- 
Macaulayness, normality or torsion-freeness of blowing-up algebras has played a major role 
so far, and such topics have been often studied in terms of numerical invariants. 

From an algebraic geometry perspective, given the affine scheme X = Spec(i?) and a 
closed subscheme Z = Spec(-R//) C X, the morphism of schemes Y = Proj(R(/)) — t- 
Spec(i?) = X is the construction known as blowing-up of X along Z. The procedure of 
blowing-up is a standard, explicit way of modifying a variety (see [HartshorneAG, 1.4, II. 7]). 
In the review [Abramovichll] the blowing-up is presented as a surgery operation in which a 
subvariety Z G X is removed and replaced by the sets of normal directions of Z in X. When 
X and Y are smooth, Z is replaced by F{Nz/x) the projectivization of the normal bundle. 
In particular, if Z is a point, Z is replaced by p^imx-i 

Satisfactory answers to open questions related to the birrational geometry of varieties 
have been given using techniques relying on blowing-up. As a first example, recall that 
any birational map between algebraic surfaces factors as a sequence of blowing-ups modulo 
isomorphism [Beauville96, Chapter II] (see also [HartshorneAG, Remark V.5.6.1] for gen- 
eralisations in higher dimensions). Blowing-up plays also a central role in the problem of 
resolution of singularities, which can be stated as follows: given a variety X, find a smooth 
variety Y birational to X (the birational map vr : F — )■ X being known as a resolution of 
singularities). While analysing nonsingular varieties in characteristic zero one can use, under 
mild conditions, the tools and techniques of complex manifold theory. In characteristic zero 
a resolution of singularities can be fully achieved as a finite composition of blowing-ups. 
While the existence of a resolution of singularities is not known in arbitrary characteris- 
tic, it has already been shown for curves, surfaces and 3-folds (see, for instance, [HauserlO] 
and [KollarOT]). 

A subject recently introduced in the context of computer geometric modelling are the 
methods of implicitization by moving curves and surfaces (see e.g. [CSCh98]). Such methods 
essentially provide with a description of the image of a rational map between projective spaces 
in terms of implicit equations. Such equations can be obtained by means of the computation 
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of an elimination ideal, which turns out to be an ideal of equations of a certain Rees algebra. 
For a taste of this approach see, for instance, [Cox08], [CHW08] and [CD'AIO], as well as 
the references therein. 

Among the many sources of the work presented in this dissertation, we want to highlight 
the classical work of Herzog, Simis and Vasconcelos in [HSV81]. This paramount piece of 
work, as well as the many references therein, keep being a fundamental source of valuable 
insights for the algebraic study of blowing-up. 

1.2 Scope of the present work 

We can split the scope of our work into a list of main achievements: 

{i) Establish conditions leading to procedures to describe explicitely the equations of 
blowing-up algebras of ideals of almost-linear type. The criteria displayed extend a 
set of well-known results about the equations of blowing-up algebras due to Vasconce- 
los, Trung, Huckaba, Heinzer and Kim. 
(ii) Establish conditions under which the injectivity of a single component of the canonical 
morphism a : S(/) — > R(/) propagates downwards in the graded structure. These 
criteria lead to sufficient conditions for an ideal to be of linear type and provide a 
partial positive answer to a question posed by Tchernev. 

{in) Give examples and applications of the results presented that may help to better un- 
derstand the extent of the hypotheses considered. 

(if) Present additional work in progress, including some preliminary results and ongoing 
experimentation, suggesting future research pathways. 

We will make use of elementary linear and commutative algebra as well as standard 
results on (graded) Koszul homology. Among the specific tools used, the module of effective 
relations of a standard algebra will play a major role. Although not so widespread across 
the literature, the module of effective relations is a very natural invariant to be considered 
in this context: it encodes useful information about the fresh generators of the equations of 
standard algebras and it can be defined canonically. This module can be seen as the first 
graded Koszul homology of a sequence of elements of a standard i?-algebra. Playing with 
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homological properties, we are able to establish the obstructions for such homology to vanish 
in terms of colon ideals. 

Special attention will be paid to the degrees of the equations of blowing-up algebras: 
these are coarse numerical invariants. Low cost methods to know in advance what such 
degrees are for a given ideal, would be of great help for designing more efficient algorithms 
for computing these equations. 

The conditions to be considered in the present work will involve most often hypotheses 
on the generating sets of ideals. We tackle the problem of describing the equations of R(/) 
for / = (J, y), with y ^ J and J being of linear type, i.e., for ideals of linear type up to one 
minimal generator. Throughout, such ideals will be referred to as ideals of almost-linear type. 
Remark that taking an ideal / of the form (J, y) and assuming additional hypotheses on the 
ideal J and the relation between J and the element y, is a natural and common approach in 
the context (see, for instance, [Costa85], [HMV89, Theorem 4.7], [HSV81, Proposition 3.9], 
[VallaSO, Theorem 2.3 and Proposition 2.5]). 

The numerical invariants of ideals which we will make use of explicitely are the deviation 
/i(/) — ht(/), the analytic spread ^(/), the analytic deviation ad(/) = C,{I) — ht(/) and the 
second analytic deviation sd(/) = ji^I) — (-{!)■ The techniques we will rely upon and the 
subsequent conditions on the generators of / = (J, y) and J, as well as their relationship, 
will often imply small upper bounds on such invariants. Equimultiple ideals, i.e., ideals with 
analytic deviation = 0, are among the classes of ideals we will come across. Such ideals 
include, for instance, m-primary ideals in a Noetherian local ring (i?, m). 



1.3 Preliminary definitions and results 

For the sake of self containment we devote a condensed section to summarise a set of well- 
known definitions and results that will support the proofs and discussions along the core 
exposition in Chapters 2, 3 and 4. Throughout, R will denote a commutative ring with unit 
1 7^ 0, referred to as a commutative ring, for short. 
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1.3.1 Blowing-up algebras 

By a standard i?-algebra we mean a N-graded commutative algebra over R of the form 
U = (Bn>oUn, with Uq = R and such that U = R[Ui], with Ui finitely generated as an 
i?- module. We will denote by zi, . . . , Zg a minimal generating set of f/i as an i?- module. 
The irrelevant ideal of U, denoted by f/_|_, is the graded ideal generated by the elements of 
positive degree: f/+ = (f/i) = ©„>of^n- 

Let / = (xi, . . . ,Xs) be an ideal of R. Among the several standard algebras associated 
to /, those known as blowing-up algebras will play a paramount role: the Rees algebra of / 
is the i?-algebra R(/) = ©n>o-^"' = R[It] C R[t]; the associated graded ring of I is the R/I- 
algebra G(/) = ©„>o/"'//"^^ = R(/)//R(/); the fiber cone of / with respect to a maximal 
ideal m is the /?/m-algebra F(/) = ©„>o/"/m/" = R(J)/mR(/) = G(/)/mG(/). 

The symmetric algebra of an i?-module M is the standard i?- algebra defined as Sr(M) = 
©„>oS„(M) = T{M)/&, where T{M) = ©„>oM^" stands for the tensor algebra of M and & 
stands for the bilateral ideal of T{M) generated by all the elements of the form x®y — y®x 
for x,y E M. Since & is generated by homogeneous elements of degree 2, So(M) = R and 
Si(M) = M and there is a canonical injection l : M ^- S(M). For an account of basic 
properties of symmetric algebras, see [Bourbaki, Chapter III, Section 6]. 

If U is an i?-standard algebra, we can canonically define a surjective morphism of standard 
i?-algebras a : S(t/i) — > U induced by the inclusion Ui ^^ U m. degree one. When U = R(/) 
we will say that a : S(/) — )■ R(/) is the canonical blowing-up morphism. We define (3 = 
a © 1r/i : S(///2) ^ G(/) and 7 = a © 1r/^ : S(//m/) ^ F(/). 

1.3.2 Sequential conditions 

In the sequel we will consider different assumptions on sequences of elements in R. For a 
given sequence of elements Xi, . . . , x^ G -R, we will consistently denote J, = (xi, . . . , x,) and 
set Jo = (0). Let us recall some well-known definitions and results that will be useful for our 
aims. 

Definition 1.3.1. A sequence of elements xi,...,Xs E R is said to be an R-sequence (or 
regular sequence in R) if the two following conditions hold: 
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(i) {{xi, . . .,Xi) : Xi+i) = {xi, .. .,Xi), for alio <i < s -1; 
{ii) (xi,...,Xs) ^ R. 

1.3.2. If / is an ideal of R generated by an /^-sequence Xi, . . . , x^, then a : S(/) — )■ R(/) is 
an isomorphism. Moreover, S(/) = R(/) = -R[-^i, • • • ,Xs]/{xiXj — XjXi \ I < i < j < s). 
See [Micah64, Chapitre Premier, Theoreme 1 and Lemme 2 ]. 

For many purposes, the elements of an /^-sequence behave just like the variables in a 
polynomial ring over a field. This is exactly the case for a Noetherian local ring containing 
a field (see [Hartshorne66]). 

Recall that in a Noetherian local ring, i?-sequences can be detected by means of the 
Koszul homology. 

1.3.3. Let (R, m) be a Noetherian local ring and let xi, . . . ,Xs he a. sequence of elements in 
R. Then xi, . . . ,Xs is an i?-sequence if and only if Hi{xi, . . . ,Xs', R) = for alH > 1. In 
particular, the Koszul complex gives rise to a free resolution oi R/{xi, . . . , Xs) of length s. 

We will say that a sequence xi, . . . ,Xs E Ris a. permutable i?-sequence if a;o-(i), . . . , x„(^s) is 
an /^-sequence, for every permutation a G &s- If an i?-sequence is contained in the Jacobson 
radical then it is permutable (in particular, in a local ring, every /^-sequence is permutable). 
Monomials in permutable /2-sequences behave just like monomials in indeterminates of a 
polynomial ring, in the sense that the basic arithmetic rules for monomial ideals hold true 
in a way that is made precise in the following statements (see [KS03]). 

1.3.4. Let X = xi,...,Xs be a permutable i?-sequence. Let x'^ = xl^-'-x'^" and x* = 
Xi ■ ■ ■ xl" be monomials in x. Then we can define the greatest common divisor (gcd) and 
the least common multiple (1cm) of x"" and x^ as follows: 

gcd(a;", x'') = x^, where q = min{aj, bi} for all 1 < i < s; 
lcm(x'*, x^) = x'^, where di = maxjaj, bi} for all 1 < i < s. 

1.3.5. Let X be a permutable i?-sequence. Let a = (mi, . . . , m^), b = {rii, . . . , rij) be ideals 
generated by monomials in x (referred to as monomial ideals in x). Let ?7i be a monomial 
in X. Then the following basic computational properties follow: 
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a) a : m = ^^^^(lcm(mj,m)/m)i?; 

b) n mi? = ^^^-,^lcm(mj,m)_R; 

c) a n b = YJj=i Yll=i \cm{mj,ni)R; 

d) a : b = n-^i Xli^i(lcm(mj,ni)/ni)/2 

Moreover, o is minimally generated by a unique generating set formed by monomials in x^. 

If X G -R\{0}, the leading form of x in G(/) = ©„>o/"7/"^^, denoted by x*, is the image 
of X in J"//"'"'"^, where x G I"'\I"'~^^. The following result was proved in [VV78, Theorem 
2.3] and will be used throughout: 

1.3.6. Let -R be a Noetherian ring, I an ideal of R and let xi, . . . ,Xs be an i?-sequence, 
with (xi, . . . ,Xs) and I being not comaximal. Then the leading forms xj, ■ ■ ■ ,x* form a 
G(J)-sequence if and only if, for all 1 < i < s and all m > 1, it is verified that 

i 

(xi, ...,xi)nn = 5^x,/"^-'^(^^), {vv) 

where i^{xj) stands for the degree of the initial form x* in G(/) (see [VV78, Section 2]). 
Further, if R is Noetherian local and Xi, . . . ,Xs are part of a minimal generating set of /, 
then i^(xj) = 1 for all 1 < i < s. Thus, setting Jj = (xi, . . . , Xj), the condition {VV) has the 
form 

J. n J'" = J,/'"-^ 

Definition 1.3.7. If J G I are ideals of R, we will define the n-th Valabrega- Valla module 
of I with respect to J, denoted by VVj{I)n, as the quotient Jfl I'^/JI"-^^. 

We introduce a notion that generalises regular sequences, the notion of (i-sequence, which 
was introduced by Huneke and has shown to be useful in a wealth of scenarios. 

Definition 1.3.8. A sequence Xi, . . . ,Xs G R is said to be a d-sequence if the following two 
conditions are fulfilled: 

{€) Xi, . . . , Xs minimally generate the ideal (xi, . . . , x^) 
(u) ((xi, . . . , Xj) : Xj+iXfc) = ((xi, . . . , Xi) : x^) for all < i < s — 1 and k > i + 1. 
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It is readily seen that condition (ii) in Definition 1.3.8 is equivalent to 

(a*) ((xi, . . . ,Xi) : Xj+i) n / = (xi, . . . , Xj) for < -J < s — 1, where / = (xi, . . . , x^). 

1.3.9. If / is an ideal of R generated by a d-sequence, then a : S(/) — )■ R(/) is an isomor- 
phism (see the works of [HunekeSO, Theorem 3.1] and [VallaSO, Theorem 3.15]). 

1.3.10. If ht(/) = n, then / contains a d-sequence of both length and height = n (see [HSV81, 
Proposition 6.2]). But an ideal / may also contain d-sequences of length > ht(/): for instance, 
if p is a prime ideal of R with ht(p) = n such that grade(p, R) = n, Rp is a regular local ring 
and p has n+1 generators, then p is generated by a (i-sequence (see [SH06, Exercise 5.24]). In 
any case, if dimi? = r then every (i-sequence has at most r + 1 elements (see [HSVSl, 6.1.3]). 

Within a polynomial ring over a field, there is a manageable criterion to decide whether 
a given sequence consisting of monomials is a (i-sequence (see [Tang04]). 

1.3.11. Let R = k[Xi, . . . , Xg] be a polynomial ring over a field k and let /i, . . . , /s G -R be 
a sequence consisting of monomials. Then /i, . . . , /^ is a (i-sequence if and only the following 
three conditions hold: 

1. /i, . . . , fs is a minimal generating set of / = (/i, . . . , /s); 

2. gcd(/i, fj) I fk, ioT a\\l<i <j <k< s; 

3. gcd(/„ /,) = gcd(/„ /|), for all 1 < z < J < s. 

1.3.3 Reduction of ideals 

Definition 1.3.12. The ideal J, J G I, is said to be a reduction of I if there is an integer 
r > such that I'"^^ = JP . The reduction number of I with respect to J is the least such 
integer r, denoted by tj{I)- It is said that J is a minimal reduction of I if it is a reduction 
and it is minimal among all reductions of I with respect to inclusion, i.e., no ideal strictly 
contained in J is a reduction of I. 

1.3.13. Remark that if J is a reduction of I then Mm{R/I) = Min(i?/J), thus vJ = vJ 
and ht(J) = ht(J). 
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Reductions of ideals can be detected by means of extension properties of the correspond- 
ing blowing-up algebras. 

1.3.14. Let (-R, m) be a Noetherian local ring with residue field k = R/xn. Let J C / be 
ideals in R. Then J is a reduction of I if and only if any of the following equivalent conditions 
hold: 

(?) R(/) is a finitely generated R(J)-module, i.e., the extension R(J) C R(/) is module- 
finite; 
(ii) If k[J + ml/ml] stands for the subalgebra of F(/) generated over k by J + m//m/, the 
extension k[J + m//m/] C F(/) is module-finite. 

See [SH06, Theorem 8.2.1 and Proposition 8.2.4]. 

Definition 1.3.15. The analytic spread of I, denoted by i{I), is defined as the Krull dimen- 
sion ofF{I). 

It immediately follows that the degree of the Hilbert polynomial of F(/) is i{I) — 1, thus 
£(/) can be interpreted as the rate of growth of A(/"'/m/") = /i(/") as n increases. 

1.3.16. Let [R, m) be a Noetherian local ring with infinite residue field k. Let J be a minimal 
reduction of /. Then, 

(z) fi{J)=i{I); 

(ii) any minimal generating set of J extends to a minimal generating set of /. 
(Hi) F(J) = S(J/mJ). 

Let (-R, tn) be a Noetherian local ring. Throughout, we will raise almost-linear type 
assumptions, where / = (J, y), with y ^ J and J C I will be a reduction generated either by 
an /^-sequence or by a (i-sequence. Notice that if J is generated by an i?-sequence of length 
s, then s < grade(/) < ht(/) < i{I) < fi{J) = s, whence ad(/) = i{I) - ht(/) = and 
sd(/) = yu(/) — i{I) = 1. On the other hand, if / is an m-primary ideal with J minimally 
generated by a rf-sequence Xi, . . . ,Xs of length s, we have s < dimi? + 1 by L3.10. Then, 
since I is m-primary, we have s < dimi? -|- 1 = ht(/) -|- 1 = £{I) + 1 < /i(t/) + 1 = s -|- 1. 
Consequently, s - 1 < ht(/) = i{I) < s. 
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1.3.4 The equations of blowing-up algebras 

Relation type 

Let i? be a Noetherian ring and let U = R[zi, . . . ,Zs\ be a standard i?-algebra. Let V = 
R[Ti, . . . ,Ts] be a polynomial ring with variables Ti,...,Ts and let ip : V ^ U he the 
polynomial presentation of U sending Tj to Zi. Let Q = (Bn>iQn be the kernel of ip, whose 
elements will be referred to as the equations of U. Let Q{n) be the ideal generated by the 
homogeneous equations of U of degree at most n. Notice that there is an ascending chain 
Q{1) C Q{2) C . . . that stabihses at Q{n), for some integer n > 1. 

1.3.17. Remark that the following isomorphisms of i?-algebras hold: V/Q{1) = Sr{Ui) and 
V/Q = U, where Sr{Ui) is the symmetric algebra of Ui. 

Definition 1.3.18. The relation type of U, denoted by rt(f/), is the least integer N > 1, 
such that Q{N) = Q, i.e., the maximum degree in a minimal generating set of homogeneous 
elements of Q. 

The case where U = R(/) will be of special importance for our aims. We will denote 
rt(R(/)) more simply as rt(/), the relation type of /. 

1.3.19. While Q clearly depends on the polynomial presentation ip : V ^ U, the relation 
type does not depend on the presentation of U. Moreover, even the degrees of a minimal gen- 
erating set of homogeneous elements of Q remain invariant with respect to the presentation 
(see Remarks 2.2.1 and 2.2.2). 

In what follows, let U = R(/), (f : V -^ ^{^) be the polynomial presentation of R(/) 
sending T, to Xit and Q = ker ip. 

1.3.20. The ideal Q can be computed by means of elimination theory. Let / = {xi, . . . , Xg), 
V = R[Ti, . . . ,Ts] and let T be an indeterminate over V. Then, 

(z) Q = (Ti - xiT, . . . , T, - XsT)V[T] n V; 
{ii) if Xi is a non-zero-divisor of R, 

Q = ((xaTi - X1T2, . . . , XsTi - XiTs) :y x'^) 

= {X2T1 - X1T2, . . . , XsTi - xiTs, xiT - l)V[T] n V. 
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In the context of polynomial rings these computations can be done via Grobner basis 
techniques (see e.g. [Froberg97], [CLO07]). Recall that if L C A;[xi, . . . ,Xs,yi, ■ ■ ■ ,yr] is an 
ideal and <e is a monomial ordering such that x*^ <e yi for any a G N'^ and 1 < "i < r, 
and G = {/i, . . . , fk} is a Grobner basis of L with respect to <e, then G fl k[xi, . . . ,Xs] is 
a Grobner basis of L fl k[xi, . . . ,Xs] (see [Froberg97, Proposition 8, p. 95]). A monomial 
ordering <e fulfilling the conditions above is said to be an elimination ordering. 

The expected complexity of computing Q is high. The underlying rationale is that the 
theoretical complexity of computing Grobner bases is generically exponential and doubly- 
exponential in the worst case (see [Lazard83] and [MM82]), as a function of the number of 
variables (see also [BW93, Appendix] for a further account on Grobner bases and complexity 
issues). On the other hand, the cost of the computations in 1.3.20 heavily relies on the 
number of generators of / (see [BSV88]). 

The following definition canonically encloses the condition that Q = Q{1), i.e., rt(/) = 1 
(see comments in 1.3.27). 

Definition 1.3.21. An ideal I of R is said to be of linear type if a : S(/) — )■ R(/) is an 
isomorphism. 

1.3.22. Let / be an ideal of linear type and let p D / a prime ideal containing /. The 
isomorphism a : S(/) — ;■ R(/) induces an isomorphism f3p : S(/p//p) — )■ G(/p), hence 
the Krull dimensions of S(/p//p) and G(/p) coincide and are equal to dim_Rp (see [SH06, 
Proposition 5.1.6]). By the surjectivity of S(/p//p) — ;■ S(/p/p-Rp/p) it follows that /i(/p) < 
ht(p) (see also [HSV81, Proposition 2.4]). 

1.3.23. Let / be an ideal of linear type. Then, for each prime ideal p D I, i{Ip) = yu(-^p)- The 
converse, however, is not true in general. Consider R = k[[X,Y]]/{X'^Y,XY'^) = k[[x,y]] 
and let p = (y) C m = {x,y) C R. Then p is prime with i{pRp) = /u(pi?p) = and 
i{pRm) = fJ,{pRm) = 1, but kera„ 7^ for all n > 2 (see also Example 4.3.3). 

Definition 1.3.24. An ideal I is said to be syzygetic if Q{1) = Q{2), i.e., 0:2 : 82(1) — )■ /^ 
is an isomorphism. 

1.3.25. A syzygetic ideal need not be an ideal of linear type. For instance, any prime ideal 
of height 2 in a 3-dimensional regular local ring is syzygetic (see [HSV81, Proposition 2.7 
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and subsequent Remark]). In the formal power series ring /c[[X, F, Z]], there exist prime 
ideals p of height 2 with arbitrarily large minimal number of generators (primes of Moh, 
see [Moh74]). Consequently, such prime ideals are syzygetic but they do not fulfil the 
inequality /i(p) = /u(p^) < ht(m) = 3 (see claim 1.3.22 above), thus they are not of linear 
type. 

Effective relations 

Let Rhe a Noetherian ring, let f/ be a standard i?-algebra and let a : S{Ui) — ?■ t/ be the 
canonical morphism. 

Definition 1.3.26. If n > 2 is an integer, define the n-th module of effective relations 
of U as E{U)n = ker a„/Si(t/i) -keian-i- If I is an ideal of R and U = R(/), we set 
E{I\ = E(R(/))„. 

1.3.27. The module E{U)n can also be described by means of a polynomial presentation 
<f : V ^ U. If Q = kery;, then E{U)n = {Q/Q{n - !))„ = Qn/ViQn-i, for n > 2 
(see [Planas98]). In particular, taking U = R(/), one can see that I is of linear type if and 
only if E{U)n = for all n > 2. Therefore, / is of linear type if and only ii Q = Q{1), i.e., 
rt(/) = 1 (see Definition 1.3.21). 

The information encoded by the module of effective relations accounts for the fresh 
generators of kera or Q. The non-zero elements of E{U) = ©„>2-E(t/)n correspond to the 
equations of U of degree > 2 which are not combination of the equations in lower degree. 
Consequently, if R is Noetherian, E{U)n = for n large enough. 

1.3.28. Let Rhe a. Noetherian ring, let U = R[zi, . . . ,Zs] be a standard i?-algebra and let 

z = Zi,...,Zs. Then: 

(z) The module of effective relations can be expressed in terms of the graded Koszul 

homology: E{U)n = Hi{z;U)^, for n>2. 
(a) The relation type rt([/) can be given in terms of the module of effective relations: 
Tt{U) = min{s > 1 | E{U)k = 0, for each k>s + l}. 

1.3.29. Let i? be a Noetherian ring, / an ideal of R. The following properties hold: 
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(i) There is an exact sequence E{I)n+i -^ E(I)n — )• -E(G(/))„ — > 0, for all n > 2; 
(ii) As a consequence of (i), rt(/) = rt(G(/)) = r and E(/)^ = E{G{I))r. 

See [VallaSO, Theorem 1.3] for the case of rt(/) = 1; see [Planas98, Section 3] for the 
general case using effective relations; and see [HKU05, Discussion 2.2] for the same result 
but using extended Rees and symmetric algebras. One of the advantages of using effective 
relations is that one is able to deduce at once that the top degree equations of R(/) are in 
correspondence with the top degree equations of G(/). 

Geometric conditions close to linear type 

We shall introduce two notions which are close to the linear type condition that will play 
a role in our study: geometric linear type (or g-lineai type) and projectively of linear type 
(or p-linear type). These notions come from considering geometric properties linked to the 
canonical epimorphism a : S(/) — t- R(/). 

In Hermann- Moonen-Villamayor [HMV89], the authors consider the condition of f^-linear 
type, which is weaker than that of linear type in the following sense: while linear type 
imply that the normal cone and the normal bundle of a closed subscheme of a given scheme 
coincide, the condition ^f-linear type refers only to the reduced structures of the normal cone 
and normal bundle. 

Definition 1.3.30. The ideal I is said to be of geometric linear type (g-lineai type, for 
short) if the morphism induced by a, a* : Spec(R(/)) — )■ Spec(S(/)), is a homeomorphism 
of topological spaces. 

It is readily seen that since R(/) = S(/)/kera, if / is of gf-linear type, then a* induces 
a homeomorphism V{keia) — )■ Spec(S(/)). Consequently, the minimal primes in V"(kerQ;) 
correspond to the minimal primes in S(/), thus ker a C npeMmfsr/)) P' ^•^•' ker a is nilpotent. 

1.3.31. The ideal / is of gf-linear type if and only if the following equivalent conditions hold 

(see [HMV89, Proposition 1.1]): 

{€) ker a is nilpotent; 
{ii) ker/3 is nilpotent (see [HSV81, Theorem 3.2]); 
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(Hi) /i(/p) = £(/p), for all p G Spec(i?); 

Clearly, if / is of linear type, then it is also of gf-linear type, whereas the converse is not 
true in general. One of the advantages of introducing the notion of gf-linear type is that 
this property can be checked by numerical conditions, which provides a general strategy of 
proving linear type by first proving ^f-linear type and then looking for additional conditions 
which assure that linear type and (7- linear type coincide [HMV89]. 

Definition 1.3.32. An ideal I is said to be projectively of linear type (of p-linear type, for 
short) if the morphism a : Proj(R(/)) — )■ Proj(S(/)) is an isomorphism of schemes, where 
a is the morphism induced by a. 

Recall that for a standard _R-algebra U, Proj([/) = {q G Spec(f/) | q homogeneous, U+ (f. 
q} and, if a is surjective, a : Proj(y) — ?■ Proj(f/) is a morphism of schemes given locally 
by the morphisms of affine schemes a* q : Spec((V^(„))o) — )■ Spec((f/u)o), with u G f/+. It is 
clear that an ideal of linear type is of p-linear type. 

1.3.33. Let a : f/ — )■ V be a surjective morphism of standard -R-algebras. Then, one can 
show that 5 : Proj(y) — )■ Proj(f/) is an isomorphism of schemes if and only if any of the 
following equivalent statements hold: 

{%) there is an integer r > such that (f/+)''kera = 0; 
iii) ker a„ = for n sufficiently large. 

Consequently, if / is of p-linear type, it is of (yf-linear type. 

It is known that linear type, p-linear type and ^f-linear type do not coincide in general. 
Kiihl in [Kiihl82] was the first to highlight an example of an ideal of p-linear type, but not 
of linear type. 

Example 1.3.34. (see [Kuhl82, Example 1.4]). Let A = fc[t/o, f/i, f/2] and put 

R = A[X, Y]/Q = A[x, y], where Q = {UqX, UiY, UqY^, f/lX^ UiX - U2Y, UqY + U2X). 

Then, the ideal I = {x,y) of R is not of linear type, i.e., a : S(/) — t- R(/) is not an 
isomorphism; however, I is of p-linear type, i.e., Proj(a) : Proj(R(/)) -^ Proj(S(/)) is an 
isomorphism of schemes. 
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One can see that if / is principal, then / is of p-hnear type if and only if / is of linear 
type. However, a similar claim is not true when comparing (yf-linear type and p-linear type. 
Later, in Example 4.3.3, we will give a principal ideal which is of (^-linear type, but not of 
p-linear type. 
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Chapter 2 

The equations of Rees algebras of 
ideals of almost-linear type 



2.1 Introduction 

The aim of this chapter is to exphcitly describe the equations of Rees algebras of classes 
of ideals of almost-linear type. Let us first recall the basic definitions in order to properly 
introduce the main result of this chapter (see also Section 1.3). 

Recall that the reduction number of / with respect to J, J C /, denoted by rj(J), is the 
least integer r > such that r+^ = JF. Set V = R[Xi, . . . , X„ y] and let ip : V ^ R(J) 
be the polynomial presentation of R(/), the Rees algebra of /, sending Xi to Xjt and Y to 
yt. Let Q = (Bn>iQn be the kernel of ip. Given an integer m > 0, set Q{m) C Q the ideal 
generated by the homogeneous elements of Q of degree at most m in Xi, . . . ,Xs,Y. The 
relation type of /, denoted by rt(/), is the least integer A^ > 1 such that Q = Q{N). Let 
G(/) = ©„>o/"//"^^ be the associated graded ring of /. li z e R\{0}, we will denote by z* 
the initial form of z in G(/), i.e., z* = z + /"+^, where z G /"\/""'"^ 

Theorem A. Let {R,vn) be a Noetherian local ring and let I he an ideal of R. Letxi, . . . ,Xs,y 
be a minimal generating set of I , where J = {xi, . . . ,Xs) is a reduction of I with reduction 
number r = tj{I). Assume that xi, . . . ,Xs verify the following condition for all n > 2: 

((xi, . . . , x,_i)r-i : Xi) n r-^ = (xi, . . . , x,_i) r-^ for allt = l,...,s. {%) 
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Then, for each n > 2, the map sending F G Qn to F(0, ...,0,1) G (J/" ^ : y") induces an 
isomorphism of R-modules 



Q 



Q(n-l) 



jjn-l . ^n) 



In particular, rt(/) = rj(/) + l and there is a form y+i — ^ XiFi G Qr+i? with Fj G K, Sfic/i 
i^/iai Q = (Y^^^ — ^ XjFj) + Q{r) . Moreover, if Xi, . . . ,Xs is an R-sequence and xj, . . . ,x*_-^ 
is a G {I) -sequence, then Xi, . . . ,Xs verify the condition {Tn) for all n>2. 

Roughly speaking, the theorem says how to obtain a minimal generating set of the equa- 
tions of R(/). For the equations of degree 1, pick a minimal generating set of the first 
syzygies of /, viewed as elements of Qi- For the equations of higher degree = n, with 
2 < n < r + 1, take representatives of the inverse images of a minimal generating set of 
(jjn-i . yny(^jjn-2 . ^n~i) (^ggg Remark 2.2.2 and Example 2.6.1). 

Thus far, the study of the equations of R(/) has produced a vast literature. Some of this 
work is focused on ideals having small deviations as well as on the interplay between the 
reduction number and the relation type (see, just to mention some references, [Huckaba87], 
[Huckaba89], [HH92], [HH93], [Trung87], [TrungQS], [Vasconcelos91], [Vasconcelos93]). The 
particular hypotheses and interests in this chapter owe much to the works of Cortadellas and 
Zarzuela in [CZ97], Heinzer and Kim in [HK03], Huckaba in [Huckaba87] and [Huckaba89], 
Trung in [Trung87] and [Trung98], and Vasconcelos in [Vasconcelos91]. In fact. Theorem A 
sprouted as an attempt to understand [Vasconcelos91, Theorem 2.3.3]. That is the reason for 
considering ideals / of the form / = (J, y), with y ^ J and J being a reduction of / generated 
by a sufficiently good sequence that makes J an ideal of linear type. The reader may also 
consult [HSV08] for a recent account on the equations of R(/) with similar assumptions. 

Let i? be a Noetherian local ring. Even for ideals of the principal class, i.e., /i(/) — 
ht(/) = 0, the equations of R(/) may be difficult to describe. Remarkably, any ideal / 
of the principal class is generated by an i?-sequence xi, . . . ,Xs, provided that / is prime 
(see [Davis67]) or R is Cohen-Macaulay. In both cases the equations are generated by 
the Koszul relations XiXj — XjXi, with 1 < i < j < s (see 1.3.2). In particular, / is of 
linear type. However, if / is not prime and R is not Cohen-Macaulay, this is no longer 
true. For instance, consider the ideals generated by systems of parameters. Huneke asked 
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in [Huneke96] whether there is a uniform bound for the relation type of these ideals in a 
complete local equidimensional Noetherian ring R. The full answer to this question was given 
in [Wang97], [Lai95] and [AGH06]. Concretely, in [AGH06, Example 2.1], it was shown that 
if the non-Cohen-Macaulay locus of R has dimension > 2, there exist families of parametric 
ideals of R with unbounded relation type. This gives an idea of the complexity of the 
structure of the equations of R(/). 

The case / = (J, y), with y ^ J, J = {xi, . . . , Xs) a reduction of /, Xi, . . . ,Xs is an R- 
sequence and xl, . . . , x*_i a G(/)-sequence, considered in Theorem A, verifies /x(/) — ht(/) = 
1. In general, if /i(/) — ht(/) = 1 and R is Cohen-Macaulay, / is of linear type if and only 
if I is locally of the principal class at all minimal primes of / (see [HMV89, Theorem 4.8]). 
However, if I is not locally of the principal class at its minimal primes, then the relation 
type may be arbitrarily large. For instance, take R = k[[a,b]], the power series ring in two 
variables over a field k and let I = [d^ , If , alf~^) , with p > 2. Then, / is (a, 6)-primary 
and verifies /i(/) — ht(/) = 1, hence it is not locally of the principal class at its minimal 
primes. One can check that rt(/) > p. In fact, I fulfils the hypotheses of Theorem A, 
J = {aP^V) being a reduction of /. Thus, the containment [alP'^Y ^ JI^~^, induces the 
only equation of degree = p in a minimal generating set of equations of R(/) and rt(/) = p 
(see Example 2.6.1). 

As highlighted before, this study has its origins in the following result of Vasconcelos 
in [Vasconcelos91, Theorem 2.3.3]: let (-R, m) be a Cohen-Macaulay local ring of dimension 
d and let / be an m-primary ideal of R. Let Xi, . . . , x^, y be a minimal generating set of /, 
where J = (xi, . . . ,Xd) is a reduction of R with reduction number tj{I) = 1. Then there 
is a form Y^ - ^X^F^ e Qs, with Fi e Vi, such that Q = {Y^ ~ T^^iFi) + Q(l). In 
particular, rt(/) = 2. Remark that the hypotheses imply that Xi, . . . ,Xd is an i?-sequence 
and that the initial forms xl, . . . ,a:jj are a G(/)-sequence (see the result of Valabrega and 
Valla in [VV78, Proposition 3.1]). By Theorem A, it is enough to suppose that xl, . . . , x'^_^ 
is a G(J)-sequence. Moreover, one can consider any reduction number (see Corollary 2.5.3). 

As a corollary of Theorem A, we recover a result of Heinzer and Kim in [HK03, Theo- 
rem 5.6], where they prove that the equations of the fiber cone of /, F(/) = R(/) (S) i?/rri = 
®n>il"'/^l"', are generated by a unique equation of degree rj(J) + 1. 
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2.2 Effective relations of a standard algebra 

By a standard -R-algebra U we mean a graded i?-algebra U = Q)n>oUn, with Uq = R, 
U = R[Ui] and f/i minimally generated hy z = zi, . . . , Zg E Ui as an i?-module. For instance, 
the i?-algebra R(/) = ©„>o/", the i?//-algebra G(/) = ©n>o/"//"+^ and the R/m-algehra 
F(/) = ©„>o/"7mJ", are standard algebras. 

Let V = R[Ti, . . . ,Ts] be a polynomial ring with variables Ti, . . . , T^, let ip : V — )■ U be 
the induced presentation of U sending Tj to Zi and let Q = (Bn>iQn be the kernel of ip, the 
elements of which will be referred to as the equations of U. Let S(f/i) be the symmetric 
algebra of f/i and let a : S(f/i) — t- f/ be the canonical morphism induced by the identity 
in degree one. Given n > 2, the module of effective n-relations of U is defined to be 
E{U)n = ker(a„)/f/i ker(a„_i). One can prove that, for any n > 2, {Q/Q{n — !))„ = E{U)n 
(see [Planas98, Definition 2.2]). In particular, the relation type of U is the least integer 
A^ > 1, such that E{U)n = for all n > A^ + 1. 

This description of {Q/Q{n — !))„ as E{U)n = ker(a„)/f/i ker(a„_i) has the advantage 
of being canonical. On the other hand, it is the bridge to think about {Q/Q{n — !))„ as a 
Koszul homology module (see [Planas98, Corollary 2.7]). More precisely, for n > 2, we have 
the isomorphisms {Q/Q{n — !))„ = E{U)n — Hi{z] U)^, where Hi{z; U)^ denotes the first 
homology module of the complex: 

. . . ^ A2(i?^) ® Un-2 ''-^' ^l{R') ® t/n-i ^'-^' Un -^ 0, 

where the Koszul differentials are defined as follows: if ei, . . . ,6^ stands for the canonical 
basis of i?**, M G Un-2 and v G f/„_i, then 

d2,n~2iiei A Cj) © m) = Cj © {zi -u) - Ci® {zj ■ u) and 9i,„_i(ei ®v) = Zi-v. 

As usual, Zi{z]U) and Bi{z;U) will stand for the graded modules of 1-cycles and 1- 
boundaries, respectively, of the Koszul complex of z_. Observe that Bi{z;U)^ = 0. 

Remark 2.2.1. For each integer n > 2, there is a well-defined isomorphism 

r„:(g/g(n-l))„4i7i(z;f/)„ 
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sending the class of F G Qn modulo Q{n — 1) to the homology class of {Fi{z), . . . ,Fs{z)) G 
Ziiz; U)^ C Un^i® /A ©[/„_i, where Fi, . . . , F, is any set of s elements in Vn-i satisfying 
F = riFi + ... + T,F,. 

As regards the case n = 1, notice that Q{0) = and Bi{z;U)^ = 0, thus a similar 
construction leads to an isomorphism Ti : Qi ^ Zi{z; U)^. 

Proof: Take f = ip : V -^ U and g = ly in [Planas98, Theorem 2.4]. 

Remark 2.2.2. Let U he a standard i?-algebra and let Q = (Bn>iQn be the equations of U. 
Suppose that Q = Q{N) for some N > 1. Set 

C = {-^1,1, • • • , -^l,si, • • • , Fn,1, ■ ■ ■ , -^Ar,sjv}, 

with Fij G Qi- Then C is a minimal generating set of Q if and only if, for each n = 1, . . . ,N, 
the classes of Fn^i, . . . , Fn^g^ modulo Q{n — 1) are a minimal generating set of {Q/Q{n — 1))„. 

2.3 Effective relations through Koszul homology 

Let us set a general framework for the study of the injectivity of blowing-up morphisms by 
first setting some properties of the module of effective relations that we will later specialise 
and use. We will exploit the fact that there is an isomorphism between the n-th module of 
effective relations E{U)n and the n-th graded component Hi{z; U)^ (see Section L3.4). 

Let us first examine a straightforward application of the well-known long exact sequence 
of the (graded) Koszul homology, which will be key for the subsequent arguments and which 
we will be able to specialise at low cost. 

Lemma 2.3.1. Let R he a Noetherian ring and let U = (Bn>oUn be a standard R-algebra. 
Let z = zi,...,Zs and z' = z, Zs+i- Let the sequence zJ_ he a minimal generating set of Ui as 
an R-module. Then, for each integer n > 2, there is a short exact sequence 

Zs+lLll{Z,U)^_-^ {{)_^i^l ZiUn-2) -RZ.+i) 

Moreover, o"„ sends the class of a cycle {wi, . . . ,Ws,Ws+i), Wi G Un~i, to the class of a E 
i(J2i=i ZiUn-i) -R ^"+i), where Ws+i = az"^'^ + b for some b G Y.i=i ZiUn-2- 
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Proof: Consider the graded long exact sequence of Koszul homology (see e.g. [BH98, Corol- 
lary 1.6.13]): 

Hi{z;U)„_, H" i/iU; f/)„, ^ /7iU' ; f/)„ -> H,{z;U)^^, H" Ho{z;U)^, 

where {pi)n is just the multiplication by ±Zs+i. Then we get the following short exact 
sequence: 

-^ coker(pi)„ -^ Hi{z[ ; f/)„ ^ ker(po)„ ^ 0. 

Clearly, coker(pi)„ = Hi{z; U)^/ Zs+iHi[z; U)^_^. On the other hand, 

s 
Ho{z;U)^_^ = Un-l/^ZiUn-2- 



i=l 



Thus ker(po)n = {Un-i n ((S- ^jf/n-i) -u Zs+i)) /Yll^iU n-2- One can check that (T„ maps 
the homology class of a cycle (wi, . . . , Ws, Ws+i) E ©|=i f/n-i to the class of Wg+i E f/„_i fl 
i{Yli=i ^iUn-i) -u -2s+i) modulo Yli^iZiUn-2- Finally, consider the mapping 6'„, 
Un-i n ((Ei=i 2:if/n-i) :c/ 2;,+i) e ((Ei=i ^i^^n-i) :« 2:^+1) 



ker(p( 



•On 



^n-l\ ' 



defined as follows: for each w G f/„-i fl i{J2i=i ^i^n-i) '-u -^s+i), since t/„_i = z'^^^R + 
J2i=i^iUn-2, take a G R and 6 G X]i=i -^^^^n-z such that w = az'^^l + h. Clearly a G 
((X]i=i ^iUn-i) '-R z^j^i). Let w be the class of w modulo Yl'i=i ^iUn-2 and let a the class of 
a modulo ((X]i=i ^j^n-2) '-R z^+i)- Set Oniw) = a: an elementary computation shows that 
9n is a well-defined isomorphism. Finally, set cr„ = 6'„ o a„. D 

Lemma 2.3.1 can be profitably specialised for either R(/), G(/) or F(/), thus character- 
ising the vanishing of their modules of effective relations in terms of a mixed condition on 
colon ideals and Koszul homology. In the case where p(/) = 2, the vanishing of the Koszul 
homology itself admits a full description in terms of colon ideals that we make explicit in 
the following lemma. 

Lemma 2.3.2. Let R be a Noetherian ring and let U = (Bn>oUn be a standard R-algebra. 
Suppose that zi, Z2 is a minimal generating set ofUi as an R-module. Then, for each integer 
n > 2, there is a short exact sequence 

{0:U Zi) n Un-l .TT(^ ^ .JT\ ^", {ZiUn-l -.R 4) . r. 
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Proof: Apply Lemma 2.3.1, observing that Hi{zi ; U)^ = (0 -.u ^i) H f/n-i- □ 

Given ideals I,L G R, we will denote the standard algebra R(/) ®_r R/L = ©„>o/"/-L/" 
by Rl(/). Let z denote the sequence of classes modulo LI of the elements of a sequence x 
in /. If L = 0, then z will stand for the sequence xt C It. 

Proposition 2.3.3. Let (-R, nx) be a Noetherian local ring. Let I = {xi, . . . ,Xs,y), J = 
(xi, . . . , Xs) C / and L be ideals in R. Let x = xi, . . . ,Xs and assume that x, y minimally 
generate I . Let z and z!_ = z_, Zg+i be the sequence of classes modulo LI of the elements of x 
and X, y, respectively. Then the following short exact sequence holds: 

H^{z-B.l{I))^ , .W...T. ..^^ -. {JI"-' + LI^:Ry^ 



0^ 



//iU';R,(J))„^ 



LJ— 1 -.R I/— 1) 



0. 



In particular, if I = {x,y), the preceding short exact sequence has the following form: 
{LI^ -.R x) n /"'I zj f , T, fTV^ -, (^^""' + ^^" -R 1/") 



0^ 



i/iU';R^(/))„^ 



LJ— 1 -.R y"-i) 



->0. 



y{{Lr'-^ -.R x) n J"-2) + L/'«-i ''- ' "' ''" (x/"-2 

Proof: One just needs to check that the expressions in the short exact sequences are 
isomorphic to the ones that appear in Lemma 2.3.1 and Lemma 2.3.2. 

In order to establish the second short exact sequence, let Zi,Z2 G I j LI be the classes 
of x,y, respectively. Let e„_i : (LJ" : x) n /""^ -^ (0 -.r^i^i) zi) n (/"-VL/"-1) be the 
homomorphism taking classes modulo LI"'^^. Then we have the following commutative 
diagram with exact rows: 







y 
LI""-^ 



-> {LL 



n-l 



n-2 



-> {LI'' ■.Rx)ni 



■Rx)ni 

y 

n-l 



LI^'-^/yLL 



n-2 



(LI":r x)nr 



y{(L/"-i:flx)n/"-2) 



(0 :/?^(7) zi) n 



«2 



(0 -.R^ii) zi) n 



LI"-'^ 



LI"-^ 



-^ 



-> 



n— 1 / r rn— 1 






-^ 0. 



The exactness of the bottom row and Lemma 2.3.2 lead to the conclusion. 



D 



Although the next lemma is a consequence of Lemma 2.3.1 and Proposition 2.3.3, we 
will give an explicit proof by carrying over the ideas of Lemma 2.3.1. We keep focusing on 
IIi{xit, . . . , Xst, yt ; R(/))^, which by Remark 2.2.1 is isomorphic to the module of effective 
relations of R(/), E{I)n = {Q/Q{n — 1))„ (see also Definition 1.3.26). 
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Lemma 2.3.4. Let (-R, m) be a Noetherian local ring and let I he an ideal of R. Let 
Xi, . . . ,Xs,y be a minimal generating set of I. Set J = {xi, . . . ,Xs)- Then, for each in- 
teger n > 2, there is a short exact sequence 

Moreover, an sends the class of a cycle {wit"-~^, . . . ,Wst"'~^,Ws+it^~^), Wi G I"'"^, to the 
class of a E {Jl"'^^ :/? y"), where Wg+i = ay^^^ + b for some b G JI^~^ . 

Proof: Take z = xit, . . . , Xst and z' = xit, . . . , Xst, yt in It C R(/) = R[It] = ©„>o/"'. 
Consider the induced graded long exact sequence of Koszul homology: 

H,{z;K{i))^_, H" i/iU;R(/))„ -^ i^iU';R(/)). ^ iJoU; R(/))._i H" i/oU;R(/)L 

where (pi)n is just the multiplication by ±yt. We get the following short exact sequence: 

^ coker(pi)„ ^ H^iz' ; R(/))„ h ker(po)n -^ 0. 
Clearly coker(pi)„ = Hi{z; Il{I))^/ytHi{z; R(J))^_p On the other hand, 

Thus ker(po)n = I"'~^ H {JI"'~^ :r y)/JI"'~'^. One can check that a„ maps the homology 
class of a cycle {wit''-\ . . . ,Wst"-\ws+it''-^) G ®t=J"''^t"-^ to the class of w,+i G /"^^ n 
{JI"^^^ -.R y) modulo JI"^~'^. Finally, consider the mapping 9n, 

in-iniJI^-'-.Ry) e^^ (jr'-'-.Ry^) 



ker(po)n 
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defined as follows: for each w G /"~^ fl {JI"^^^ :r y), since J""^ = y'^~^R+ JI'^~'^, take a E R 
and 6 G JI"^^^ such that w = ay^^^ + 6. Clearly a G {JI"'^^ :r y""). Let W be the class 
of w modulo JI"^~'^ and let a the class of a modulo {JI"-~^ -.r y^~^). Set On{W) = a. An 
elementary computation shows that 6n is a well-defined isomorphism. Take Cn = dn° ^n- □ 

Although the Lemma 2.3.4 has a version for n = 1, we are more interested in an analogous 
version obtained from considering xi, . . . ,Xs and Xi, . . . ,Xs,y as sequences of elements of 
degree zero in / C -R. 
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Remark 2.3.5. With the assumptions and notations of Lemma 2.3.4, there is an exact 
sequence 

Hi{xi,...,Xs;R) , .a, {J --Ry) ^ „ 

where a"i sends the homology class of a cycle {wi, . . . ,Ws,Ws+i) G -R*"*"^ to the class of 
Ws+i E {J :r y). In particular, if xi, . . . , x^ is an /^-sequence, Hi{xi, . . . ,Xs; R) =0 and di 
is an isomorphism. 

2.4 Vanishing of the Koszul homology 

li Xi, . . . ,Xs a sequence of elements belonging to an ideal J, the next lemma characterises 
the vanishing of the n-th graded components Hi{xit, . . . ,Xit; R(/))„ for all 1 < i < s, in 
terms of sequential conditions in the xi, . . . ,Xs- 

Lemma 2.4.1. Let {R, m) be a Noetherian local ring and let I he an ideal of R. Let xi, . . . , x^ 
he a sequence of elements helonging to I and let n > 2 he an integer. Then, the following 
conditions are equivalent: 

{i) Hi{xit, ...,Xit; R(/))„ = 0, for all i = 1, . . . , s; 

iii) I^-H-^-^ n ((xit, . . . , Xi^it) -.Rd) Xit) = I^-H""'^ n (xit, . . . , Xi-it), for alli = l,..., s; 
{Hi) ((xi, . . . , Xi-i)r-'^ -.R Xi) n r^^ = (xi, . . . , Xi-i)r-'^, for alli = l,...,s. 

Proof: Let n be fixed and let us prove the equivalence by induction on s. If s = 1 then 

i/i(xit ; R(/))„ = (0 -.R Xi) n /"^^ vanishes if and only if (0 -.r Xi) fl /"^^ = 0, hence the 
claim follows. 

By induction, assume the lemma holds for s — 1 > 0. Let us denote Jq = and Jj = 
(xi, . . . , Xj). Take I < i < s and set z = Xit, . . . , Xj_it and z' = xit, . . . , Xj_it, Xjt. By the 
induction hypothesis and using the graded long exact sequence of Koszul homology, 

^ H,{z! ; R(/))„ ^ ffoU; R(/))„_i ^'4" i/oU; R(/))„ 



is an exact sequence for all 1 < i < s. Therefore 



, . ^ j"-ir-i n ((xit, . . . , Xi-it) -.Rd) Xit) 

i7iXit,...,x,t;R/ „ = kerpo„ = ,._i,..\ ' / ^ , ' 

^ (J.-i/"'^:iiX,)n/"-^ 
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whence the claim follows for all 1 < i < s. D 

Recall that the sequence xi, . . . , x^ is a (i-sequence if it minimally generates (xi, . . . , Xg) 
and if (Jj -.r Xi+iXj) = {Ji -.r Xj) for all < i < s — 1 and all j > i + 1 (where Jq = 0, 
Ji = {xi, . . . ,Xi) and Jg = J, as before). Recall that this second condition is equivalent to 
(Jj -.R Xi+i) n J = Jj for all < 2 < s — 1 (see 1.3.8 and subsequent remarks). Clearly, any 
i?-sequence is a ci-sequence. 

Remark 2.4.2. If the equivalent conditions in Lemma 2.4.1 hold for all n > 2, then 
Xit, . . . ,Xst is a d-sequence of R(/). Furthermore, {{xit, . . . ,Xi_it) :^(/) Xjt) fl R(/)+ = 
(xit, . . . , Xi^it) for alH = 1, . . . , s. 

However, being a ^-sequence in R(/) does not imply that Hi{xit, . . . , Xit ; R(/))„ = for 
alH = 1, . . . , s and n > 2. Consider the ring R = k[X, Y](^x,y)/{XY, F^)(x,y) with k a field 
and let / = {x,y) and J = (x). Then xt is a d-sequence in R(/), while (0 : x) fl {x,y) = 

(y) + 0. 

Proof: Let Xi,...,Xs and I as in Lemma 2.4.1. Let J = (xit, . . . ,Xst) C R(/)+. The 
condition /"-it"^-*^ fl ((xit, . . . , Xj_i) :/?(/) Xjt) = /"-^t"-! n (xit, . . . , Xj_i), for alH = 1, . . . , s 
and all n > 2, is equivalent to ((xit, . . . , Xj_it) :/j(/) Xjt) fl R(/)+ = (xit, . . . , Xj_it) for all 
z = 1, . . . , s, which implies ((xit, . . . , Xj_it) -.ri^i) Xit)nJ = (xit, . . . ,Xj_it) for alH = 1, . . . , s, 
i.e., Xit, . . . , Xgt is a d-sequence. However, the converse is not true, even if J is a reduction 
of /, as it is shown in Example 2.6.3. Compare this with [HSV81, Lemma 12.7]. D 

In the next lemma we will prove that, for n > 2, then Hi{xit, . . . ,Xst;Ii{I))^ = 0, 
provided that Xi, . . . ,Xs an i?-sequence such that x*, . . . ,x*_i is a G(/)-sequence. Notice 
that we are not saying that the whole iJi(xit, . . . ,Xst ; R(/)) vanishes. In fact, if s > 1, 
Xi(x2t) G xit • R(/) whereas xi ^ xit ■ R(/), hence xit, . . . , Xgt is not an R(/)-sequence. 

Before presenting the lemma, recall the result of Valabrega and Valla in [VV78, Corol- 
lary 2.7] which characterizes being a G(/)-sequence. Let J C / be two ideals of R and let 
Xi, . . . , Xs denote a minimal generating set of J. Keeping the hypotheses and notations in the 
proof of Lemma 2.4.1 (in particular, R is local so the over-riding condition in [VV78, Section 
2] is met), write Jq = and Ji = (xi, . . . , Xj), for i = 1, . . . , s. In particular, the initial forms 
x^, . . . , X* in G(/) are in I/P. Then, xl, . . . ,x* is a. G(/)-sequence if and only if xi, . . . , x^ 
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is an i?-sequence and the Valabrega- Valla modules VVjXl)n = Ji^l I^'/JJ'^ ^ vanish for all 
i = 1, . . . ,s and all n > 1. 

Lemma 2.4.3. Let {R, m) be a Noetherian local ring and let I he an ideal of R. Let xi, . . . , x^ 
he a minimal generating set of J , where J = (xi, . . . , Xg) is a reduction of I with reduction 
number r = rj(/). Assume that xi, . . . ,Xs is an R-sequence and that xl, . . . ,x*_i is a G(/)- 
sequence. Then, for all n >2 and all i = 1, . . . ,s, 

H^{xit,...,Xit;K{I))^ = 0. 

Proof: We will check that condition [Hi) of Lemma 2.4.1 is fulfilled for all n > 2. Using 
the aforementioned result of Valabrega and Valla, the hypotheses of the Lemma imply 

vvJXI)n = J^nr/J,r-' = o 

for alH = 1, . . . , s — 1 and all n > 2. Since xi, . . . ,Xs is an /^-sequence, then ( Jj_i :r Xi) = 
Jj_i for alH = 1, . . . , s. Therefore 

for alH = 1, . . . , s and all n > 2. This identity implies 

( j,_ir-i -.R Xi) n r-' = J._lr-^ (2.1) 

for alH = 1, . . . , s and n > 2. But these are precisely the conditions {Hi) in Lemma 2.4.1, 
whence the claim. D 

Notice that the assumption J ^ I being a reduction is not needed in the proof of 
Lemma 2.4.3. However, we will carry this condition since it will be relevant in the context 
of the results sought. 

One can state a different version of Lemma 2.4.3 by considering weaker hypotheses and 
hence a weaker thesis, which will in turn lead to a slightly different version of the main result 
of this chapter (see Remark 2.5.1). 

Remark 2.4.4. Let (-R, m) be a Noetherian local ring and let / be an ideal of R. Let 

Xl, . . . ,Xs he a minimal generating set of J, where J = (xi, . . . , Xg) is a reduction of I with 
reduction number r = rj(/). Assume that 
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(a) xi, . . . ,Xs is a d-sequence; 

(6) VVjXl)r+i = {xi, ...,Xi)n F+'/ix,, . . .,Xi)F = for alH = 1, . . . , s - 1. 

Then Hi{xit, . . . , Xit ; R(J))„ = 0, for all n > r + 2 and alH = 1, . . . , s. 
Suppose that, in addition, 

(c) Xi, . . . ,Xs is an i?-sequence; 

(d) VVjXl)r = (xi, ...,Xi)n /7(xi, . . .,Xi)r-' = O for alU = l, . . . ,s - l. 

Then Hi{xit, . . . ,Xit; R(/))^^-^ = 0, for alH = 1, . . . , s. 
Proof: Using (a) and (6), since /^^^ = JF C J we get 

( J,_i -.R X,) n r+i = ( J,_i -.R x,)r]Jn F+' = j,_, n F+' = j,_j\ 

for i = 1, . . . ,s. Therefore, for alH = 1, . . . , s. 

Using the result of Trung in [Trung98, Proposition 4.7(i)], one has (Ji_i :r Xj) H F = 
Ji_iF~^, for all n > r + 1 and alH = 1, . . . , s. These identities imply that 

( J,_i/"-i -.R X,) n F-' = J,^iF-\ 

for all n > r + 2 and all i = 1, . . . ,s. Therefore, by Lemma 2.4.1, the claim holds. As 
for the second claim, (c) implies that (Jj-i :r Xi) H F = Jj_i fl /'' for all i = 1, . . . , s 
(observe that that (a) is not sufficient) and using (d) we get (Ji_i :r x.i) fl /^ = Ji-.iF~^, 
hence {Ji^iF -.r Xj) H F = Ji^iF^^ for all i = l,...,s, thus Lemma 2.4.1 shows that 
Hi{xit, . . . ,Xit; R(/))^ = for i = 1, . . . , s and n > r + 1. D 

Remark 2.4.5. Observe that if J C / is a reduction with small reduction number rj(/), 
then the graded homology vanishes with milder hypotheses than those in Lemma 2.4.3. Let 
{xi, . . . , Xs) = J C / be a reduction with rj(/) = 1. Suppose that: 

(a') xi, . . . ,Xs is a d-sequence; 

{b') ((xi,...,Xi_i) -.RXi) n/= {xi,...,Xi_i), for alH = l,...,s; 

(c') (xi, . . . , Xi_i) n F = (xi, . . . , Xj_i) J, for alH = 1, . . . , s — 1. 
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Then, Hi{xit, . . . ,a;,t ; R(/))„ = 0, for n > 2. 

Proof: As in the proof of Lemma 2.4.3 and Remark 2.4.4, the goal is to reach the identities 
in Lemma 2.4.1 which are equivalent to the vanishing of the graded homology. From (6') we 
are able to prove Hi{xit, . . . , Xst ; R(/))2 = 0. On the other hand, (a'), (c') and [Trung98, 
Proposition 4.7 (i)] lead to Hi{xit, . . . , Xgt ; R(/))„ = 0, for n > 3. D 

Remark 2.4.6. Let xi, . . . ,Xs be a rf-sequence contained in / and J = {xi, . . . , Xg). We 
know that J is of linear type (see 1.3.9), hence Hi{xit, . . . , Xgt ; R(J))^ = for all n > 2 (see 
1.3.28), i.e., the complex 

R(J)(-2)0 ^ R(J)(-1)' ^ R(J) 

is exact in degree > 2. Tensoring by R(/) and computing ker(9i ® !/?(/) /Im (92 ® !/?(/) yields 
Hi{xit, . . . , Xgt ; R(/)), but notice that we do not necessarily get Hi{xit, . . . , Xgt ; R(J))„ = 
for all n > 2 (see Example 2.6.3). For instance, Hi{xit, . . . , Xgt ; R(/))2 is the homology of 
the complex 

d^) A^ j®« © /®« A^j^(^ji 

where ^2(00) = {d2{ao), 0) and di{ai, bo) = (9i(ai), di{bo)). It is readily seen that ker 9i may 
contain elements which are not in lm.d2- 

2.5 Theorem A 

We have now all the ingredients to prove the main result of the chapter. As in the rest of the 
chapter, set V = R[Xi, . . . ,Xs,Y] and let Q be the kernel of the polynomial presentation 
if : V ^ R{I) sending Xj to Xit and Y to yt. 

Theorem A. Let (-R, tn) be a Noetherian local ring and let I be an ideal of R. Letxi, . . . ,Xs,y 
be a minimal generating set of I , where J = {xi, . . . ,Xs) is a reduction of I with reduction 
number r = tj{I). Assume that xi, . . . ,Xs verify the following condition for all n > 2: 

((xi, . . . , x,_i)r-^ : Xi) n r-^ = (xi, . . . , a;,_i) r-^ for allt = l,...,s. {%) 
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Then, for each n > 2, the map sending F G Qn to F(0, . . . , 0, 1) G (J/" ^ :/j y"') induces an 
isomorphism of R-modules 



Q 



Ji"~' -.R yn 



In particular, rt(/) = rj(/) + l and there is a formY''^^ — ^XiFi G Qr+i, with Fi G Vr, such 
that Q = (y+i — Y^ XiFi) + Q{r) . Moreover, if xi, . . . , Xg is an R-sequence and xl, . . . , x*_^ 
is a G {I) -sequence, then Xi, . . . ,Xs verify condition (Tn) for all n>2. 

Proof: By Lemma 2.3.4, with z = Xit, . . . , Xst and z' = Xit, . . . , x^t, yt, 

is an exact sequence for all n > 2. By Lemma 2.4.1, ^i(z;R(/))^ = for all n > 2. 
Therefore, i7i(^' ; R(/))„ ^ (J/"-i i^ ?/")/( J/'^-^ :^ y""!), for n > 2. By Remark 2.2.1, we 
conclude: 



Q 



VQ{n-l) 



= i7iU';R(/)), ~ ^ ^^ 



for all n > 2. Given F G Q„, write F = Ei=i ^i^i + YG, with ^^,6" G K-i- Then 
the morphism r^ sends the class of F to the homology class of {Fi{z^), . . . ,Fs{z[),G{z^)). 
But G{z^) = (^(xi, . . . ,Xs,?/)t""^ and G{xi, . . . ,Xs,y) = G{0, . . . ,0,l)y'^^^ + b, for some 
b G JI"^^"^. By Lemma 2.3.4, cr„ sends the homology class of {Fi{z[), . . . , Fs{z^), G{z[)) to the 
class of G(0, . . . , 0, 1) modulo ( J/"-^ :r y"-i) and notice that ^(0, . . . , 0, 1) = F(0, . . . , 0, 1). 

Since J is a reduction of / with reduction number rj(/) = r, we know that (J/"^^ :/j 
y") = i? for all ra > r + 1. Therefore {Q/Q{n -!))„ = for all n > r + 1 and {Q/Q{r))r+i = 
R/{JF^^ :ji y^) ^ 0, since y^ jr~^ . Therefore rt(/) = r + 1. Notice that the containment 
y^^^ G Jr induces an equation of the form y'^^ — ^^XiFi, with Fj G K, which is sent by 
On o Tn to the class of 1 in R/{JF^^ -.r y*"). 

Finally, the last claim is nothing but the application of Lemma 2.4.3, together with 
Lemma 2.4. L D 

With weaker hypotheses we get the next version of Theorem A (see Remark 2.4.4). 

Remark 2.5.1. Let (-R, m) be a Noetherian local ring and let / be an ideal of R. Let 
Xl, . . . , Xs, ?/ be a minimal generating set of J, where J = (xi, . . . , x^) is a reduction of / with 
reduction number r = tj{I). Assume that the following two conditions hold: 
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(a) xi, . . . ,Xs is a c?-sequence; 

(b) VVjSl)r+i = (xi, ...,Xi)n r+'/ix,, . . .,Xi)F = for alH = 1, . . . , s - 1. 

Then rt(/) = rj(J) + 1 and {Q/Q{r))r+i contains the non-zero class of an equation y+i — 
J2XiFi induced by y'-+^ e JF. 

Suppose, in addition, that the following conditions hold: 

(c) xi, . . . ,Xs is an _R-sequence; 

(d) VVjXl)r = (xi, ...,Xi)n F/{xi, . . .,Xi)F-' = for alH = 1, . . . ,s - 1. 

Then rt(/) = rj(/) + 1 and there is a form Y^^^ — ^XjFj G Qr+i induced by y^^^ G JF, 
with Fi G Vr, such that Q = (F^'+i -^XiFi) + Q{r). 

Proof: It follows from the proof of Theorem A, but using Remark 2.4.4. n 

Discussion 2.5.2. The hypotheses of Remark 2.5.1 are connected with the works of Huckaba 
in [Huckaba89, Theorem 1.4] and Trung in [Trung98, Theorem 6.4] (see also [CZ97, Theo- 
rem 3.2], [Huckaba87], [GP08, Theorem 5.3] and [Trung87]). In [Huckaba89, Theorems 1.4, 
1.5], Huckaba proved that if / is an ideal with i{I) = ht(/) + 1 > 2 and such that any mini- 
mal reduction J of / can be generated by a (i-sequence xi, . . . ,Xs with xl, . . . , x*_i being a 
G(/)-sequence (s = £(/)), then rt(/) < rj(/) + 1. If in addition /i(/) = £(J) + 1, then the 
equality rt(/) = tj{I) + 1 holds. In particular, r = rj(J) is independent of J. In fact, Trung 
improved this last result in [Trung98, Theorem 6.4] by showing that r coincides with the 
Castelnuovo-Mumford regularity of R(/). To prove rt(/) > rj(/) + 1, Huckaba showed that 
the equality F~^^ = JF induces an equation of R(/) of maximum degree. In Theorem A and 
with a different approach, we have fulfilled the description of the entire ideal of equations of 
R(/). 

As a corollary of Theorem A, one can prove, following an alternative path, the result of 
Vasconcelos in [Vasconcelos91, Theorem 2.3.3]. The technique used here allows us to prove 
it for any reduction number, not necessarily equal to 1. 

Corollary 2.5.3. Let (-R, m) be a Cohen-Macaulay local ring of dimension d and let I be 
an m-primary ideal of R. Let Xi, . . . ,Xd,y be a minimal generating set of I, with J = 
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{xi, . . . ,Xd) C / being a reduction of I , with reduction number ij {I) = r. Suppose that 
xl, . . . ,x2_i is a G {I) -sequence. Then there is a form y+i — Y^XiFi G Qr+i, induced by 
yv+i ^ jjr^ withFi e Vr, such that Q = (y+i-^XiFi) + Q(r). In particular, rt(/) = r + 1. 

Proof: Since R is Cohen-Macaulay and / is m-primary, xi, . . . , x^ is an /^-sequence and the 
results follows from Theorem A. D 

The case rj(/) = 1 has attracted much attention in the literature. In fact, this was the 
case covered in [Vasconcelos91, Theorem 2.3.3]. Using Remark 2.4.5, we are able to state an 
analogue of Theorem A with rj(/) = 1, which permits us to relax other hypotheses. 

Proposition 2.5.4. Let {R, m) be a Noetherian local ring and let I be an ideal of R. Let 
Xl, . . . , Xs, y be a minimal generating set of I, where J = (xi, . . . , Xg) d I is a reduction of I 
with reduction numberij{I) = 1. Suppose that 

(a') Xl, . . . ,Xs is a d-sequence; 

{V) {{xi, ..., Xi_i) ■.RXi)<rM = {xi,..., Xi_i), for alli = l,..., s; 

(c') {xi,. . .,Xi-i) nP = {xi,. . .,Xi-i)I, for alii = 1,. . .,s -1. 

Then, rt(/) = 2 and we have the following isomorphisms of R-modules: 



ker 02 



Q 



Q(i) 



[Ji -.R y^) R 



(J-.Ry) (J-.Ry)' 
In particular, there is a form Y"^ — 'YjXiFi G Q2, with Fi G Vi, such that 

Q = {Y^-J2X^F,) + Q{1). 

Proof: It follows from the proof of the Theorem A, using Remark 2.4.5. D 

Another corollary of Theorem A is the following result due to Heinzer and Kim in [HK03, 
Theorem 5.6]. Recall that for an ideal L oi R and any standard i?-algebra U, it is verified that 
ii{U®R/L) < ii{U) (see e.g. [Planas98, Example 3.2]), hence rt(F(/)) < rt(G(/)) < rt(/). 
In fact, for any n > 2, there is an exact sequence E{I)n+i -^ E{I)n — )• -E(G(/))„ — )■ 0. 
In particular, rt(/) = rt(G(/)) and E{I)n = E{G{I))n, with N = rt(/) (see [Planas98, 
Proposition 3.3]; see also [HKU05, p. 268]). Within our settings, however, rt(F(/)) is also 
equal to rt(/), as proved in the next corollary. Notice that this behaviour is by no means a 
general fact (see the Conjecture of Valla in [HMV89, § 2] and a counterexample in [SUV93, 
Example 4.4]; see also [HKU05, p. 268 and Corollary 2.6]). 

46 



Corollary 2.5.5. Let (-R, m) be a Noetherian local ring with infinite residue field k = R/ra 
and let I be an ideal of R. Let Xi, . . . ,Xs,y be a minimal generating set of I, where J = 
(xi, . . . , Xg) G I is a reduction of I with reduction number r = tj{I). Assume that Xi, . . . ,Xs 
is an R-sequence and that x*, . . . ,x*_i is a G {I) -sequence. Then there is a form y+i — 
^ XiFi, with Fi e k[Xi, ...,Xs,Y] forms of degree r and F(/) = k[Xi, . . . , X„ Y]/{Y'-+^ - 
Y^XiFi). In particular, rt(F(/)) = rj(/) + 1 = rt(/). 

Proof: By Theorem A, rt(F(/)) < rt(/) = r + 1. By [HK03, Lemma 5.2], E(F(/))„ = 
for all 2 < 72 < r and E{F{I))r+i 7^ 0. Thus F(/) has only equations of degree r + 1 
and rt(F(/)) = r + 1. By Theorem A, E{I)r+i is cyclic and generated by the equation of 
R(/) induced by the containment y"^^^ G JF . Therefore the same happens with E{Y{I))j.+i 
(see [GP08, Proposition 3.2] or [HKU05, p. 268]). D 

Observe that the constraints on / in Corollary 2.5.5 automatically hold for I an ideal 
with n{I) = £(/) + 1, grade(G(/)+) > £(/) — 1 and such that there is a minimal reduction 
J C / generated by an i?-sequence (see [BH98, Proposition 1.5.12]). 

Remark 2.5.6. An immediate consequence of Corollary 2.5.5 is that F(/) is Cohen-Macaulay. 
In fact, recall that [HK03, Proposition 5.4] already prove that, under the conditions of Corol- 
lary 2.5.5, F(/) is a hypersurface if and only if F(/) is Cohen-Macaulay. 

2.6 Examples and applications 

Our purpose in this section is to use Theorem A in order to deduce minimal generating sets 
of the equations of R(/). If J is a reduction of / = {J,y), the ascending chain of colon 
ideals {(J/"^^ : y^)}n>i, which reaches eventually R as n increases, can be calculated in any 
computer algebra system, giving an alternative strategy to find out the equations of R(/). 

The ideal I in the next example, for a specific p > 1, is often used as a paradigm of an 
ideal of relation type = p. As said above. Theorem A will be crucial to our purposes. 

Example 2.6.1. Let (-R, m) be a Noetherian local ring. Let a,b an /^-sequence and p>2. 
Set Xi = a^, X2 = If and y = ab'^^^. Let / be the ideal generated by Xi,X2,y. Set 

V = -R[Xi, X2, Y] and let ip : V -^ R'(-^) be the presentation of R(/) sending Xi to Xit and 

Y to yt. Then a minimal generating set of the ideal Q = ker((y9) is given by: 
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{i) two linear forms Fi(Xi, X2; Y) = a^-^Y - If-^Xi and Gi(Xi, X2, Y) = hY - aXs; 
{ii) for each 2 < n < p, a unique equation F„(Xi, X2, Y) = a^'^'Y"' - bP-^XiX^'K 

Proof: We start by proving that / fulfils the hypotheses of Theorem A. Clearly Xi, X2 is an 
i?-sequence and J = (a;i,X2) is a reduction of / since P = JP^^. By [KS03, Corollary 3], 
a monomial m on a,b belongs to an ideal generated by monomials mi, . . . , rrir on a, b if and 
only if m is a multiple of some rrij. It follows that y^^^ ^ JP~^ and P~^ ^ JP^^. Thus 

rj(^) =p-l. 

Claim 1: grade(G(/)+) > 1 and x\ is G(/)-regular. 

Proof of Claim 1: By [VV78, Corollary 2.7], it suffices to prove 

for all n > 1. Fix n>l. By [KS03, Proposition 1], 

XiR n P = {Lij^k I hj, k positive integers such that i + j + k = n), 

where Li^^k = lcm{a^,a'^Pb^P{abP'^)^). Let us prove that Lij^k is in xiP"^. 

Indeed, if i > 1, then L^j-fe = aH^P{abP-^)'' = aPla^'-^^Pb^P^abP-^f] e xiP-^ and we have 
finished. Hence we can suppose i = and j + k = n. If fc = 0, then j = n and Lqjq = a^VP G 
XiP-^. Suppose < A; < p. Then Lqj, ^ = aPVP+^^P'^'^ = aP{bPy+''-^bP-'' G XiP~\ Finally, 
if A; > p, then Loj,fc = VP{abP~^f = aP[a^-Pb^P+^^P-^^] = aP[afc-P5{fc-p){p-i)^p+p{p-i)] = 
aP{bPy+P^\abP-^)^-P G XiP-\ 

Note that for p > 2, then X2 is not a G(/)-sequence because 

{aP+%P~^)x2 = aP{aV"^f = xvu" G /^ 

where (a^+^feP-^) e I\P. 

Therefore, we can apply Theorem A and deduce that, for all n > 2, 



Q 



n—l . n 



JP-' : y 



[Q(n-l)J„ J/"-2:y"-i- 
In particular, since {JP-"^ : yP-^) C {jp-^ : y?') = i?, then rt(/) = ij{I) + 1. 
Claim 2: ( J/"-i : y") = (qP"", 6) for 2 < n < p - 1. 
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Proof of Claim 2: First note that, ioi all 2 < n < p — 1, b E {JI'^ ^ : y"') since 

generated by monomials in a,b (c.f. Remark 1.3.5) and b G {JI"'^^ : y"), there is only one 
possible remaining generator: a power of a. Since a^~"?/" = a^~"a"6"''^~^'' = aPh"'^'^^^^ = 
bP-'^aPiV'Y-^ e JI''-\ then a^"" G (J/"'^ : y"). However, and using again [KS03, Corol- 
lary 3], one has aP~"-i ^ (J/"~i : y'^). 

Hence (Q/Q(j9 - l))p = ( J/^"^ : yP)/{JP-^ : y^-^) = i?/(a, 6) and, for 2 < n < p - 1, 



Q 



g(n-l) 



JJ'^-i : ?/" (aP-", 6) _ (aP-") 



jjn-2 . ^n-i (aP-'^+i, 6) (aP-"+i, aP-"6) ' 
In other words, for each 2 < n < p, {Q/Q{n — l))n is generated by a single element that corre- 
sponds to the class of a^~" (1 if ra = p). To find this element, consider the identity a^""?/" = 
6P-"aP(6P)"-\ which induces the equation F„(Xi,X2,F) = 0^""^" - bP-'^XiX^'^ e Q„. 
Since the isomorphism of Theorem A sends the class of F„ to the class of Fn{0, 0, 1) = a^"", 
we are done. By Remark 2.2.2, F„ is in a minimal generating set of Q, for 2 < n < p. 

To finish, let us find the equations of degree one. Although this is trivial, we sketch 
the proof here to show the similarity with the greater degrees. As before, one shows that 
J = (a^^^,6). Using Remark 2.3.5, 

Identify Qi with Zi{xi,X2,y] R) and Bi = {xiY — yXi,X2Y — yX2,xiX2 — X2X1) with 
Bi{xi,X2,y] R). Then Qi/Bi is minimally generated by the classes of the two equations 
corresponding to the classes of a^~^ and b. The identities a^^^y = If^^a^ and by = abP induce 
the desired equations Fi{Xi,X2,Y) = a^-^Y -b^'^Xi and Gi(Xi,X2,F) = feF-aXs G Qi, 
since by ai their classes are sent to the classes of Fi(0,0, 1) = a^"^ and (71(0,0,1) = b. 
Clearly, Bi C (Fi, Gi) and Fi, Gi are a minimal generating set of Qi- D 

The following example gives the equations of the Rees algebra of an m-primary ideal 
of almost-linear type having a reduction generated by a (i-sequence. We will use Proposi- 
tion 2.5.4. 

Example 2.6.2. Let S = k[[Xi,X2,Ui,U2]] be the power series ring over k with in- 
determinates Xi,X2,Ui,U2, and let R = k[[Xi,X2,Ui,U2]]/L = k[[xi,X2,ui,U2]], where 
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L = (Xi,X2) n iUi,U2) = {XiUi,XiU2,X2Ui,X2U2). Set J = (xi +ui,X2 + U2) and 
/ = (J, xi + X2)- Let ip : R[Ti,T2,Y] -^ ^{I) be the polynomial presentation that sends 
Tj into Xi + Ui and y into Xi + X2 and let Q = ker (p. Then J is a reduction of /, with 
rj(/) = 1, rt(/) = 2 and kera/^2 — {Q/Q{^))2 — R/{.J '■ {^i + ^2)) = A; is cyclic, generated 
byr2_y(Ti+T2). 

Proof: The ring R is Noetherian local, 2-diniensional and Buchsbaum (in fact, the ideal 
(Xi,X2) n {Ui,U2) is said to be of type (1,2), see [SV78, Theorem 3 and Definition 2, p. 
742]), consequently every system of parameters is a (i-sequence. Since xi + ui,X2 + M2 is 
a system of parameters of R, it is a rf-sequence. It is also readily verified that (xi + Ui : 
X2 + U2) n / = (xi + ui) and (xi + X2) fl /^ = (xi + X2)/. By Proposition 2.5.4, the claim 

follows. n 

The next example shows that the hypotheses (a) and (6) in Remark 2.5.1 alone are not 
sufficient to ensure that there is only one equation of R(/) of maximum degree. 

Example 2.6.3. Let A; be a field and R = fc[X, F](x,y)/(XF, F^)(x,y). Set x and y the 
classes of X and Y in R. Let m = {x,y) be the maximal ideal of R. Then, rt(m) = 2 and 
there are two quadratic equations in a minimal generating set of the equations of R(m). 

Proof: Set J = (x). Since y^ = G Jm and y ^ J, then m^ = Jm and J is a reduction 
of m with reduction number 1. Moreover, since (0 : x) = (0 : x^), x is a d-sequence. By 
Remark 2.5.1, rt(m) < rj(m) + 1 = 2. Set V = k[S,T] and let ip : V ^ G(m) be the 
presentation of G(m) sending S to x + m^ and T to y + m^. For n > 2, m" = (x"). Thus 
m^/m^ is a /c- vector space of dimension 1. Therefore ker(-?/'2) C V2 must have dimension 
2. In fact, ker(?/'2) = {ST,T'^). Since ker(-?/'i) = 0, then E{G{m))2 is minimally generated 
by two elements. We finish by using that E{m)2 = E{G{m))2 (see 1.3.29 and [Planas98, 
Proposition 3.3]). Observe that in this case, J and / do not fulfil the condition (U) of 
Proposition 2.5.4: in fact, (0 : x) fl m = (y) 7^ 0. D 

As it has already been pointed out in Proposition 2.5.4, we can relax the hypotheses in 
Theorem A if the reduction number is small. The next example illustrates this by computing 
the equations for a non-equimultiple ideal I with ad(/) = 1. 
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Example 2.6.4. Let (-R, m) a Noetherian regular local ring with infinite residue field k and 
dimension 4, with u,v,z,t a regular system of parameters. Set / = {u,z) fl {v,t). Then 
/ = {J,ut) where J = {uv,vz — ut,zt) is a minimal reduction of / with reduction number 
rj(/) = 1 and such that uv, vz — ut, zt is a (i-sequence. Let ip : -R[Xi, X2, X3, Y] — )■ R(/) be 
the polynomial presentation relative to the minimal generating set uv, vz — ut, zt, ut of / and 
let Q = kevif be the ideal of equations of R(/). Then rt(/) = 2 and Q has only one minimal 
equation of degree 2: Y^ + X2Y - X1X3. Notice that grade(/) = 2, ht(/) = 2, £(/) = 3 and 

M = 4. 

Proof: Notice that / is generated by uv,vz, zt,ut. We know that F(/) = k[uv,vz,zt,ut] 
(see [VasconcelosOS, Example 1.90]). Displaying a Noether normalisation, one can readily 
check that uv, vz — ut, zt generate a minimal reduction J of / (see [AM69, Exercise 16, p.69]). 
It is readily seen that uv, vz—ut, zt is a (i-sequence but not an _R-sequence, that uv, vz — ut, zt 
is a minimal generating set of J and that JI = P, since {ut^ = {uv){zt) — {vz — ut){ut) G JI, 
hence rj(/) = 1. In order to call on Proposition 2.5.4 one may check the following identities: 

{b') {0:uv)r]I = (for i = 1), 

{uv : vz — ut) n / = {uv) (for i = 2), 

{{uv, vz — ut) : zt) n I = {uv, vz — ut) (for i = 3); 
(c') {uv)nP = {uv)I (fori = 2), 

{uv, vz — ut) n P = {uv, vz — ut)I (for i = 3). 

Consequently, Q = Q(2), rt(J) = 2 and {Q/Q{1))2 = {JI : {ut)^)/{J ■ ut) = R/m is cyclic 
with generator "K^ + X2Y — X1X3. D 

Example 2.6.5. Let {R, m) be a Noetherian local ring. Let a, b an /^-sequence, let p > 5 be 
an odd integer, and set xi = a^, X2 = V' and y = a?bP~'^. Let J = {xi, X2) and / = (xi, X2, y), 
V = R[Xi, X2, Y] the polynomial ring in three indeterminates over R and let ip : V ^ ^{I) 
be the presentation of R(/) sending Xi to Xit and Y to yt. 



{{) The following equalities hold: 

{jr : 1/"+^) = { 



{a,b) ^<n<p-2, 

R n > p — 1. 
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In particular, J is a reduction of / with tj(I) = p — 1. 
(ii) The following equalities hold: (xi/"~^ : X2) H /"^^/xi/"^^ = 0, for all n > 2; equiva- 

lently, Hi{xit, Xat ; R(/))„ = 0, for all n>2. 
(iii) It is verified that {Q/Q{n - !))„ = (J/"-i : y")/(J/"-2 ; ^"-i)^ for all n > 2. In 

particular rt(J) = p. Moreover, 

Q = {'S'1,2, 5'i,p_2, -^2, • • • , -F(p+l)/2, Fp} 

is a minimal generating set of Q with 



/ 



F„(Xi,X2,r) = <^ 



yp - x^xf-^ n = p. 



and 5i,2(Xi, X2, Y) = 0^X2 - fo^r and 5i,p_2(^i, ^2, >") = oP-^Y - IF^'^Xi. 
(if) The initial forms x\,X2 and y* are zero-divisors in G(/). 

Proof: In order to show (i), notice first that since y^ = x\x^ G J^ C JP^^, we have 
(J/P-i : yP) = R and rj(/) < p - I. Let us show that y"+i ^ J/'^ for n < p - 2: 
assuming the opposite, then we can write ?/"+^ = x^x^y^ with r, s, t positive integer such 
that r + s + t = n + l. Ift>lwe can simplify the expressions, hence we can assume 
without loss of generality that y"+^ = x\x2 with r + s = n + 1 and n < p — 2. Then 
^2(n+i)^(p-2){n+i) ^ ^rp^sp^ ^Ym?, 2{n + 1) = rp. But observe that n + l<j9-l<p, sor 
has to be 1, leading to p = 2(n + 1), a contradiction with the assumption that p is odd. 
Consequently, rj(/) = p — 1. 

We claim that if (p — l)/2 < n < p — 2, then (J/" : y"'^^) = {a,b). Playing with the 
exponents we get 

aj/-+l = aPa2"-P+35(2n-p+3)(p-2)/2^(p-l)(p-2)/2 _ te^a;(P-3)/2^n-(p-3)/2 ^ jjn^ 

with 2ra — p + 3 being positive by our assumptions on n. On the other hand, 

6y«+l = aaPa2"-P+l6(2n-p+l)(p-2)/2^(p-l)/2 _ aXix5^"')/'l/"-(P-l)/2 ^ jjn^ 

with 2n — p + l being positive by our assumptions on n. Therefore (a, b) C (J/" : y""*"^) and 
using Remark 1.3.5 the conclusion follows. 
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Observe that ii n < {p - 3)/2 then 6^ e {JI"" : y'^+i), since fe^y^+i = a%P a^'^h^^-'^^ = 
a?X2y'^ € J/". However, in this case h ^ (J/" : y"'*'^). If 6?/"'^"'^ G J/" we can assume 
without loss of generahty that hy^^^ is of the form ax\x2 "with r, s positive integers such 
that r + s = n + 1, but then 2{n + 1) = rp + 1 and since 2(n + 1) < p — 2 we arrive to a 
contradiction. 

Likewise, if n < (p-3)/2 then aP-'^'^-^ e (JT : y""-^^), since aP-2"-2^n+i ^ ^p^pn^p-2n-2 ^ 
^p-2n-2^^^n ^ jjn_ Howcvcr, H k IS a. positive integer such that k < p — 2n — 3, we have 
a'^ ^ (J/" : y"^^)- Assuming the opposite, i.e., a^y^^^ E {JI^ : y"^^), without loss of 
generality a^y"^^^ = Ij^x^x^ with r, s positive integers such that r + s = n + 1. But then it 
follows that 2{n + 1) + k = rp, a contradiction, since 2{n + 1) + k < p — 1. 

To finish with this description of the generators of (J/" : y""*"^), let us show that for 
n < (p — 3)/2 and k < p — 2n — 3, a^h ^ (J/" : y'^''^^). If a'^by'^^^ E JT' then we can assume 
without loss of generality that a'^6a^*^"^^''6*^^^^^*^"'''^^ = mx\x2 with r, s positive integers such 
that r + s = n + 1 and m a monomial in a, 6 with deg(m) = k + 1. If m is multiple of h 
then, simplifying 6's, we get a^ E {JI^ : y""*"^), which is in contradiction with the preceding 
paragraph. Thus m = a'''^^, but then, simplifying a's, we would deduce that b E {JI"' : y""*"^), 
which is a contradiction with the claims above. Therefore, when n < [p — 3)/2 the ideal 
(J/" : y"""^^) is the monomial ideal generated by a^~^"~^ and 6^. 

Let us show {ii). We will show the equality (xi/" : X2) fl J" = xi/"""^ for all n > 1, and 
then apply Lemma 2.4.1. For that purpose we will make use of Remark L3.5. Concretely, we 
will show that any monomial generator of (xiJ" : X2) H/" belongs to Xi/"~^. Each monomial 
generator of (xiJ" : X2) H /" is of the form 

G',,, = lcm(M.,a;«x^y"'), 

where Ma- = lcm(x^'''^X2y*, 3:2) /a;2, with r + s + t = n, u + v + w = n; a and r denote the 
integer vectors (r, s, t) E N'^ and {u, v, w) E N^, respectively. Let us show that Gg-.r ^ Xil'^^^. 

Case: s > 1. 

So Mo- = x'['^^X2~'^y^, and then Go^t is a multiple of Mo- which can be written as xi ■ 
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Case: s = 0. 

So M„ = \cm{x'['^^y^,X2)/x2 = lcm(aP*^'"+^)+^*6(P"^)*, 6p)/6p. At this point it is convenient to 
distinguish a couple of subcases: t = 0, 1 and t > 2. 
Sub-case: t = 0, 1. 

lit = 0, M„ = aP("+i\ and then G^,^ is a multiple of a^^^^+i) = a;^+^ e xiJ" C xj'^-^ If 
t = 1, M^ = aP"+2, and then G^,^ = lcm(aP"+2, aP«+2«'5P«+{p-2)«-)^ gj^^^g pn + 2 > pM + 2w for 
all (m, V, w) e n^ such that u + v + w = n, G^^r = a^+%'P''+^P-'^^'" = aPaP("-i)+25P^+(p-2)«, ^ 

Sub-case: t > 2. 

In this case, since p > 5, the inequality (p — 2)t > p holds, and then 

Therefore, we have to check 

Since Go-,t is a multiple of x^X2y^, if -u > 1, then Go-,- will be multiple of Xi ■ x^'^xl^y^ G 
xi/"~^. So it remains to consider the case where u = 0. In this case, 

= Icm (aP(«-*+l)+2t5(p-2)t-p^ ^2«,^(n-«,)+(p-2)«.\ _ 

We claim that 2w < p{n — t + 1) + 2t. The least value that p{n — t + 1) + 2t can take is 
p + 2n, whereas the greatest value that 2w can take is 2n, then 2w < p{n — t + 1) + 2t. So 
p{n — w) -\- {p — 2)w = pn — 2w > pn — p{n — t + 1) — 2t = t{p — 2) — p > 0. Hence Gcr,T = 
^p{n-t+i)+2tijp{n^w)+{p-2)w ^ ^p . ^p(n-t)+2t^p(n-«,)+(p-2)«,^ If w < t then G^,^ is a multiple of 

^p . ^p(n-t)+2t^(n-t) + (p-2)t ^ a;^a;«-*a;«"*yt £ OJi/^"-* C xj"^ C Xi/^-^ If W > t thcU G^,^ IS 

a multiple of aP("-^+i)+2«'6P(«-«')+(p-2)^ = qP . (^p{n-w)+2wf^{n-w)+{p-2)w ^ a;^a;i~'"a;2~'"i/'" G 

To prove [iii) simply use (ii) and Theorem A. 

In order to prove (iv) it suffices to check that both xl and X2 are zero-divisors in G(/). It 
will be sufficient to find elements coi G /"-ly/^i+i and UJ2 G /"ay/^z+i such that Xicoi G /"1+2 
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and X2W2 £ /"-a+s^ Notice that the exponents ni,n2 may depend on p, as the ideal / 
does. Let ni{p) = {j> - 3)/2, na = and take uji = a6("i(p)+2)(p-2) ^ jni(p)yjni(p)+i ^.^^ 
C02 = a^bP-^ e R i I. Then xi^i = aP+i6("i(p)+2)(p-2) and since p + I = 2{ni{j>) + 2) we 
get XiUi = (a26P-2)«i(p)+2 = ^mW+a ^ /ni(p)+2 ^^^^^^ ^^ ^j^g ^^j^^^ j^^^^^^ ^^^^ ^ a^62p-4 ^ 



fa^r 



-2\2 



y2G/2 



D 



The next example shows the non-surprising fact that, although the {Q/Q{n — !))« are 
isomorphic to quotients of the form [JT""^^ : y^)/{JI^^'^ : y"'^^), they need not be cyclic in 
degrees < rj(J) + 1. The proof in full detail of Example 2.6.6 would be similar to that of 
Example 2.6.5. 

Example 2.6.6. Let {R, m) be a Noetherian local ring. Let a, b, c an i?-sequence, let p > 4 
be an even integer and set xi = aP , X2 = b^, X3 = dP and y = abc^'"^. Let J = (xi, X2, X3) and 
/ = {xi,X2,X3,y), V = R[Xi,X2,X3,Y] the polynomial ring in four indeterminates over R 
and let (/9 : V^ — )• R(/) be the presentation of R(/) sending X^ to Xit and Y to yt. Then, 

(i) The ideal J is a reduction of / with rj(/) = p — 1: concretely. 



n . „,n+l\ 



[jr : y 



{aP-''-\bP-''-^,c^) 

{aP/^,bP/\c\aP-''-^bP-'"-^) 

R 



0<n<f, 



f < n <p- 1, 
n > p — 1. 



[tt 



The initial forms xl,X2 are a G(/)-sequence, in particular grade(G(/)+) > 2; since 
a;i,a;2,a;3 are an i?-sequence, by Lemma 2.4.3, we get Hi{xit, X2t, x^t ]Il{I))^ = 0, for 
all n>2; 



mi) 



It is verified that {Q/Q{n — l))r 



:ji 



n— 1 



y-)/{JI 



n-2 



y 



n-l\ 



for all n > 2. In 



particular, rt(/) = p. Moreover, in terms of generators, the graded components of the 
modules {Q/Q{n — !))„ are given by 



{Q/Q{n-1)\ 



^p-nyn _ qJ^ c^-'^n ^^^n-\^ 
^^n-2^n-2yn _ ^n-A^^^^xi''^) 
l^^V-n^p-nyn _ c^iP-n) X^X2X^-'^) 

(F" - XiX2X3"-2) 



2<n< f. 



n 



£ + 1 
2 ~ 1 



I + 1 < n< p, 
n = p. 
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Recall that Zi{xi,X2, xs, y; R) and Bi(xi, X2, xs, y; R) stand for the Koszul 1-cycles and 
1-boundaries, respectively, as introduced in Section 2.2. Identifying Zi{xi,X2, x^, y ; R) 
with Qi and Bi{xi,X2, X3, y ; R) with 

Pi = {xiY - yXi, X2Y - yX2, X3Y - yXs, X2X3 - 2:3X2, X1X3 - X3X1, 3:1X2 - 3:2X1), 

then we have 

which is minimally generated by the classes of the equations corresponding to the 
classes of a^^^, If'^ and c^: 

^ ^ (aP-^Y - ftc^-^Xi, bP-^Y - acP-^X2, c^Y - ahX^). 
Pi 

Proof: Assertion (z) follows by applying the same strategy as in the proof of Example 2.6.5. 
In order to prove {ii) recall Remark 1.3.6: since Xi,a;2 is an i?-sequence, it suffices to check 
that (xi) n /" = {xi)I^^^ and (xi,X2) fl /" = (a;i,a;2)/"~^, for all n > 2. In order to prove 
{in) just combine (i), (ii), Theorem A and Remark 2.3.5. D 

The next example shows that if sd(J) = fi{I) —i{I) 7^ 1, there might be several equations 
of R(/) of top degree. 

Example 2.6.7. Let (-R, m) be a two dimensional regular local ring and let p > 2 be an 
integer. Then rt(m^) = 2 and there are (2) quadratic equations in a minimal generating set 
of equations of R(rri^). 

Proof: Let x,y he a. regular system of parameters of i?, V^ = R[X, Y] and let ip : V ^ R(m) 
be the presentation of R(m) sending X to xt and Y to yt. Since x,y is an i?-sequence, 
ker((^) = {xY - yX). Set V{j)) = R[Xp,Xp-^Y, . . .,XYp-\Yp] and ip{p) : V{p) -^ R(mP) 
the p-th Veronese transform of (p. Note that ker(y9(p)„) = ker(y9p„) = {xY — yX)Vpn~i- 

Set W = R[To, Ti, . . . , Tp] and let ip '■ W ^ y{p) be the polynomial presentation of V{p) 
sending Tj to X^^^F*. It is known (see e.g. [JK94, Proposition 2.5]) that the kernel of ip is 
the determinantal ideal generated by the 2x2 minors of the matrix A4, where A4 is 

To Ti ... Tp_i 
Ti T2 ... Tp 
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In particular, ker('?/') = ker('?/')(2). 

Consider $ = ip{j)) o ip : R[To,Ti, . . . ,Tp] — )• R(m^), the polynomial presentation of 
R(m^) sending Tj to x*?/^"* and let Q = ker($) be the ideal of equations of R(m^). Let us 
see that Q„ = ker (■?/'„) + Wn-iQi, for all n > 2. Indeed, given F G Qn, since ker((y9(p)„) = 
{xY — yX)Vpn-i, one can find Fi G W^n-i and Gi G Qi such that ipn^F) = ipn(Yl,FiGi). 
Therefore, (F - ^ FiG,) G ker(?/^„) and F G ker(^„) + iy„_iQi. 

Since ker(V^) = ker(V')(2), then Q„ = ker(V'„) + Wn-iQi = iy„_2ker(V'2) + W^-iQi C 
Vr„_2(52 C Qn, for all n > 2. Therefore Q = Q(2), rt(m") = 2 and /i(Q2/Vri<5i) < (^). 
Consider the diagram 

y kerV2 ^ W2 ^^ V{j))2 > 



ker7/'2 ® A; > W2®k ^^^^ V{p)2 ® k > 

Let us prove that Q2/W1Q1 is minimally generated by (2) elements, which are precisely 
the classes of the 2x2 minors of M. Since Qi C mWi, then WiQi C mW2- Setting 
L = keT{ip2), M = W2 and A^ = V{p)2, we have 

Q2 ^^^ Q2 ker(^2) + VTiQi ^ ^ 



WiQi mQ2 + WiQi mkeT{^P2) + WlQl mL + {LnWiQi) 

On the other hand, there is a natural epimorphism 



L L 



mL + {LnWiQi) LnmM' 
where L/(L fl mM) = (L + mM)/mM = ker(V'2 ® Ifc). Hence, 

which clearly is (2). Therefore /i((Q/Q(l))2) = (2) and, by Remark 2.2.2, there are (2) 
equations of degree 2 in a minimal generating set of equations of R(m^). 

Note that J = (xf , Xg) is a reduction of m^ with reduction number rj(mP) = 1, that x^, x\ 
is an i?-sequence and that (x^)* is a G(m^)- sequence. D 
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Chapter 3 

The injectivity of the canonical 
blowing-up morphisms 



3.1 Introduction 

Let i? be a commutative ring and let I = {xi, ...,Xs,y) be an ideal of R. Let «/ : S(/) -^ ^{I) 
be the canonical morphism from the symmetric algebra of / to the Rees algebra of /. We 
will write aj^p to denote the p-th graded component of «/. The aim of this chapter is to 
show that if / is an ideal of almost-linear type, the injectivity of a single graded component 
ai^p implies the injectivity of the lower graded components. 

In [Kuhl82, Example 1.4] (see Example L3.34), Kiihl gave an example of a finitely 
generated ideal / with a/,„ being an isomorphism for n sufficiently large, in particular, 
5/ : Proj(R(/)) — 7- Proj(S(/)) is an isomorphism of schemes (see Remark L3.33), but such 
that aj is not an isomorphism of -R-algebras. On the other hand, [TchernevOT] asked whether 
aj^p being an isomorphism implies that aj^n is an isomorphism for each 2 < n < p. 

The main purpose of this chapter is to prove the following result. 

Theorem B. Let R be a commutative ring, let I = (xi, . . . ,Xs,y) be an ideal of R and let 
p > 2 be an integer. Suppose that the ideal J = (xi, . . . ,Xs) verifies that aj^n '■ S„(J) — ?■ J^ 
is an isomorphism for all 2 < n < p. Then the following conditions are equivalent: 

(i) aj^p : Sp(/) — )■ JP is an isomorphism; 
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(a) ai^n '■ S„(/) — > /"" is an isomorphism for each 2 < n < p. 

Notice that the ideals of almost-hnear type fulfil the hypotheses of Theorem B, hence the 
equivalence of (i) and (ii) holds true for such ideals. 

For each integer p > 2, we also display an example of an ideal / such that ai^n is an 
isomorphism for all n > p + 1, whereas aj^p is not. 

Example 3.9.1. Let A; be a field and let p > 2. Let S = k[Uo, ■ ■ ■ , Up, X, Y] be a polynomial 
ring and let Q be the ideal of S defined a.s Q = Qi + (UqXp), where 

Qi = (UoY, UoX - UiY, UiX - U2Y, . . . , Up.^X - UpY, UpX). 

Let R be the factor ring SjQ = k[uo,- ■ ■ ,Up,x,y] and consider the ideal / = {x,y) C R. 
Then «/ „ is an isomorphism for all n > p + 1, whereas aj^p is not. 

As in Section 1.3.1, we denote by f3j and 77,1^ the blowing-up morphisms a 1r/i : 
S(///^) -)■ G(/) and a Ir/^ ■ S(//m/) -)■ F(/), respectively. In order to slim the 
notations, we will write a, /3 and 7 when the ideals involved are clear from the context. Let 
us begin with some basic remarks about the influence of the injectivity of a single graded 
component of the canonical blowing-up morphisms on the rest of the graded components. 

Notice first that in the case of 7/,^ '■ S(//m/) — ?■ Fm(/) the vanishing of a single compo- 
nent of ker 77^ni imposes a tight condition to the lower graded components, for if 7/,m,p+i is 
an isomorphism, then 7/,m,p is also an isomorphism. In fact, if there is a non-zero element 
a G ker(7/n^p), since every non-zero element in Si(//m/) is a non-zerodivisor of S(//m/), 
we can pick a non-zero element u in Si(//rri/), such that u ■ a G ker(7/_ni,p+i) is non-zero. 

Considering this propagation of the injectivity of the graded components of 7/,n, towards 
the lower components, it is natural to ask for the same property for the morphisms aj and 
Pi. In the case of ai it turns out to not hold in general. Indeed, in [Kiihl82, Example 1.4], 
Kiihl constructed an ideal I with aj^p being an isomorphism for p > 3 while 0:7,2 was not (see 
Example 1.3.34). However, under certain settings the injectivity of the graded components 
of a propagates downwards, as Tchernev proved in [TchernevO?]: if ai^p is an isomorphism, 
then ai^n is an isomorphism for 2 < n < p when either pdji{I) < 1, or / is perfect Gorenstein 
of grade 3, or J is a maximal ideal (see [TchernevO?, Section 5]). It is worth noting that 
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conditions of this form (a„ being an isomorphism for all 2 < n < p) have aheady been 
considered across the commutative algebra landscape (see, for instance, [CV99, Introduction, 
page 754], [Costa83, Theorem 3] or [Vasconcelos05, Definition 1.9 and Exercise 5.84]). 

Theorem B provides a new class of ideals / for which this pattern of the injectivity 
of a/ holds. Concretely, if / = {J,y) with aj^n '■ S„(J) — t- J" an isomorphism for each 
2 < n < p, then aj^p : Sp(/) — ?■ P being an isomorphism implies that a/^„ : S„(/) — )■ J" 
is an isomorphism for each 2 < n < p. In particular, if J is an ideal of linear type, i.e., 
if I is an ideal of almost-linear type, the hypothesis is fulfilled. Remark that writing an 
ideal J as / = {J,y) and assuming hypotheses over J and the relation between J and y, 
is a common approach in this context (see e.g. [Costa85], [HMV89, Theorem 4.7], [HSV81, 
Proposition 3.9], [Valla80, Theorem 2.3 and Proposition 2.5]). On the other hand, the 
study of the morphisms a, /3 and 7 has attracted a great deal of attention so far (see, 
for instance, [Costa83], [Costa85], [HMV89], [HSV81], [Huneke80], [Huneke86], [JMacL06], 
[Keel93], [Kiihl82], [Micali64], [Tchernev07], [Valla80], [Vasconcelos94] and [Vasconcelos05]). 

In Example 3.9.1 we will give a family of ideals {Ip}p>2 such that aj ^n is an isomorphism 
for each n > p + 1, whereas aip,p is not. Furthermore, Pi^^n will be an isomorphism if and 
only ii n y^ p. More explicitely, for each positive integer p we construct a fc[X, y]-algebra 
Ap and a 2-generated ideal Ip C Ap such that /3/ „ is an isomorphism if and only ii n y^ p. 
Furthermore, the example admits a "glueing", in the sense that it is possible to construct, for 
any finite subset S" C N, an ideal Is of a k[X, y]-algebra As such that /3/s,n is an isomorphism 
if and only ii n ^ S, by tensor- multiplying the collection of above defined A;[X, y]-algebras 
Ai, for all i ^ S. Beyond extending the example given by Kiihl (focused on the case p = 2), 
our example illustrates the fact that the morphism f3 may have only one single non-injective 
component. 

Many of the results presented in this chapter can also be found in the published work 
[MP08]: F. Muinos, F. Planas-Vilanova. On the injectivity of blowing-up ring morphisms. 
J. Algebra 320 (2008), no. 8, 3365-3380. 
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3.2 Injectivity does not propagate upwards 

In general, one cannot expect the injectivity of a single component of a, /3 or 7 to propagate 
upwards, i.e., under mild conditions, having kera^ = (same for /3 and 7) does not imply 
kera„ = for n > p (and similarly for ker/3„ and ker7„). 

Let us take R = k[[X, Y, Z]] and p C -R be a prime ideal belonging to the family defined 
in [Moh74] with ^{p) = r > 3. Such an ideal verifies that pdj:j(p) = 1, ht(p) = 2 and p 
is generically a complete intersection (p_Rp is generated by a regular sequence, since Rp is 
regular). Using [HSV81, Proposition 2.7 and Remark thereof] one can conclude that p is 
syzygetic (i.e., ker 0:2 = 0). The analytic spread i{p) satisfies i{p) < dim{R) = 3 < r. For n 
large enough, dim^ (p"/mp") is a polynomial in n of degree i{p) — 1, the Hilbert polynomial 
of Fn,(/), whilst dimfc (S„(p/mp)) = ("^I^^) is a polynomial in n of degree r — 1. Therefore, 
for n large enough, 7p,m,n : S„(p/mp) — )■ p^/mp" is not an isomorphism, and consequently, 
neither ap,„ nor /3p_„ are isomorphisms, whereas ap,2, /3p,2 and 7p,m,2 are isomorphisms. 

Remark 3.2.1. Recall that an ideal is projectively of linear type (of p-linear type, for short) 
if and only if kera/,„ = for n sufficiently large (see claim 1.3.33). Then if / is of p-linear 
type it is a necessary condition that ker7„ vanish for large n, then it follows that i{I) = fJ^{I), 
i.e., the second analytic deviation of I must be equal to zero. However, the converse is not 
true unless we consider some extra conditions. For instance, consider the classical example 
/ = {X^,X^Y,Y^Z) C k[[X,Y,Z]] (see [HMV89, p.l6]): /i(/) = £{!) = 3, while the class of 
ZT2 — XT1T2, G ker 0/2 induces a non-zero element of kera/^, for each n > 2 (e.g., multiply 
repeatedly by T2). 

The proof of Theorem B is based on the characterization of the vanishing of the effective 
relations in terms of the vanishing of the Koszul homology, which is in turn translated into 
a set of conditions in terms of colon ideals (see previous Chapter 2 and [Planas98]). 

Sections 3.3 and 3.4 are devoted to recall and refine some basic results concerning ker a 
and the module of effective relations. In Sections 3.5 and 3.7 we prove preliminary proposi- 
tions which will be assembled in Section 3.8, where the main result is shown. 
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3.3 The presentation of kera 

The following lemma provides us with a presentation of the kernel of a. 

Lemma 3.3.1. Let R be a commutative ring and let I = (xi, . . . ,Xs) be a finitely generated 
ideal. Let V = R[Xi, . . . ,Xs] be a polynomial ring and let cp : V ^ R-(-^) be the induced 
surjective graded morphism sending Xi to Xit. Let aj : S(/) — ?■ R(/) be the canonical 
morphism. Then, for n>2, 

ker a/,n = tt — ] — p^- 
K-iker(v9i) 

Proof: Let S{ipi) : V — )■ S(/) be the induced surjective graded morphism sending Xi to Xi 
in degree one. We have the following commutative diagram: 

V 

The resulting isomorphism is a consequence of relating the kernels of the commutative 
diagram in the short exact sequence — )■ ker S[}p\) — )■ ker (/? — )■ ker a — )■ 0. D 

Example 3.3.2. Let i? be a commutative ring and let / = [x) be a principal ideal. Let 

ai : S(/) — 7- R(/) be the canonical morphism. Then ker(a/_„) = (0 : 2;")/(0 : x), for all n > 2. 
In particular, one has the injective morphisms ker(a;/_2) "— > ker(a7^3) "^ . . . "^ ker(Q;/^p). 
Consequently, if ai^^ is an isomorphism for some p > 2, then aj is an isomorphism. 

Proof: Let V = R[T] be the polynomial ring in one variable and let if : V -^ R(-^) be the 
induced surjective graded morphism sending T to xt. Observe that ker(y9„) = (0 : x")T"' 
and V^_iker((y9i) = i?T"~^(0 : x)T = (0 : x)T"'. Now the assertion follows by Lemma 3.3. L 
The last conclusion is a consequence of the rigidity of {(0 : x")}„>i. D 

3.4 Obstructions to injectivity: general settings 

Let -R be a commutative ring and let I = (xi, . . . ,Xs) be a finitely generated ideal. Let 
ai : S(/) — )■ R(/) be the canonical morphism. For n >2, the module of effective n-relations 
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of/ is defined as E{I)n = ker(Q;„)/Si(J)-ker(Q;„_i). It is not difficult to interpret the effective 
relations as the fresh relations of ker a, i.e., those relations which are not combination of the 
relations of lower degree. Recall that for the purpose of this work, as we did in Chapter 2, 
it will be useful to describe -&(/)„ in terms of a graded Koszul homology (see [Planas98]): 

E(/)„ = /7i(xit,...,x,t;R(/))„. 

Remark 3.4.1. Let V = R[Xi, . . . ,Xs] be a polynomial ring over R, let if : V —> R(/) be 
the polynomial presentation sending Xi to Xtt and let Q = kerip. By Lemma 3.3.1 and using 
Q{l)n = Ki-1 ker((y9i) C Vikei^ipn^i) = Q{n — 1)„ for ra > 2, it follows that E{T)n can be 
calculated as 

Q 



Vi ker(v9„. 



Q{n-l)\n' 



The following straightforward remark will be useful throughout: 

Remark 3.4.2. Let i? be a commutative ring and let / = {xi, . . . , Xg) be a finitely generated 
ideal. Let aj : S(/) — ?■ R(/) be the canonical morphism and let p > 2 be an integer. Then, 
the following two conditions are equivalent: 

{i) aj^n '■ ^n{I) -^ I^ is an isomorphism for each 2 < n < p; 
{ii) E{I)n = for every 2 < n < p. 

In the particular cases of principal ideals and two-generated ideals, the next two lemmas 
refine [Planas98, Example 3.1] and [Planas98, Proposition 4.5], respectively. These two 
lemmas clearly follow from Proposition 2.3.3, although here we provide alternative proofs. 

Lemma 3.4.3. Let R be a commutative ring and let I = (x) be a principal ideal. For n > 2, 
there is an isomorphism E{I)n = (0 -.r x"')/(0 :r x""^). 

Proof: Let V = R[T] and ip : V ^ ^{^) be the surjective graded morphism sending 
T to xt. Note that ker(v?„) = (0 -.r x")T" and VikeT{(fn-i) = (0 -.r x"-i)r". Since 
E{I)n = ker(v9„)/Viker(v9„_i), the assertion follows. D 

Lemma 3.4.4. Let R be a commutative ring and let I = (x, y) be a two- generated ideal. For 
every n > 2, there exists a short exact sequence of R-modules 

yiiO:Rx)nI^-^) ^ "' {xI^-^-.Ry^-^) 
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Proof: Let V = R[X, Y] be the polynomial ring in two variables and let (p : V ^ 
R(/) be the surjective graded morphism mapping X to xt and Y to yt, so that E{I)n = 
ker(v9„)/1/iker(v9„_i). Let 



!/((0:fli)n/"-2) 

be defined in the following way: for a G (0 :/j a;) fl /"~^, writing a = F{x, y) with F{X, Y) G 
Vn-i, f maps the class of a to the class of XF{X, Y) in ker((y9„)/Vi ker((/9„_i). Let 

be defined as follows: for G{X, Y) G ker (</)„), (yf maps the class of G to the class of G{0, 1). 
It is easily checked that / and g are well-defined morphisms and determine a short exact 
sequence of i?-modules. D 

Discussion 3.4.5. Notice that the two previous lemmas could have been proved using 
Proposition 2.3.3. Provided /i(/) = 1 or 2, the homological conditions can be effortlessly 
expressed in terms of colon ideals. However, in general, we are not able to produce a 
strightforward conversion into explicit ideal theoretic expressions. Recall that in general we 
have a short exact sequence as in Lemma 2.3.4: 

n . gi(xit,...,x,t;R(/))„ .., jJI^-'-.Ryn 

ytH,ix,t, ...,xst; R(/))„_i ^ ^" ( J/"-^ :^ y-~^) 

where J = (xi, . . . , Xg) and / = (J, y). 

The following result (see [Planas98, Corollary 4.8]), will be fundamental as regards our 
approach to the proof of Theorem B. In order to state it properly, let us introduce the 
following notation: we will denote by /ji,...,v the ideal generated by the Xj with j ^ {ii, ..., v}- 

Proposition 3.4.6. Let I = {xi,...,Xs) be an ideal generated by s > 3 elements and let 
p > 2. Suppose that E{Is)p = 0. Then E{I)p = if and only if the following two conditions 
hold: 



ihP-' -.R Xl 



(a) Oi(/,x,p,i) := ,^\^_^_' p_i = 0, for each 1 < i < s; 



ii j:i<^<j<s-i^^^jir')--RXs)n P-' 

EZlxm,sir':RX,)nip- 



ib) o,ii,x,p):= ''^j^tr^rrz^ ^•::: : =o- 
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When s > 3, the vanishing of E{I)p can be characterized by means of three ideal theoretic 
exphcit conditions. However, under the assumption that E{Is)p = 0, one of the conditions 
is satisfied trivially and only (a) and (6) in Proposition 3.4.6 survive (see [Planas98, Theo- 
rem 4.7 and Corollary 4.8]). 

Now consider I = {xi,...,Xs) and suppose that J = Ig = {xi, . . . ,Xs-i) is such that 
C(j,n '■ Sn(J) —7- J" is an isomorphism for 2 < n < p, as in the hypothesis of Theorem B. By 
Remark 3.4.2, E{J)n = for every 2 < n < p. Therefore, and again by Remark 3.4.2, to 
prove the implication (i) =^ (ii) in Theorem B, it will be enough to fulfil obstructions (a) 
and (6) in Proposition 3.4.6 for every 2 < n < p. Each of these conditions will be studied 
separately in the next sections. 

3.5 Vanishing of the first obstruction 

The purpose of this section is to study the vanishing of the condition (a) in Proposition 3.4.6. 
The following proposition makes use of an explicit construction. 

Proposition 3.5.1. Let R be a commutative ring, let I = {xi, ...,Xs) be a finitely generated 
ideal and let p > 2 be an integer. Let aj : S(/) — )■ R(/) be the canonical morphism. Then, 
for each 1 < i < s, there exists a surjective morphism 

^p,i : ker(a7,p) -^ . 

\J-i -R Xi) 

In particular, if aj^p is an isomorphism, then 

for each 1 < i < s and for each 2 < n < p. 

At this point let us introduce some useful notations. For a = (cti, ..., 0"^) G N* set 
x"^ = xl'^...x'^" and X"" = X^^..X^^ Define the support of a E W as the subset supp(cr) C 
{1, . . . , s} such that i G supp(cr) if and only if ai ^ 0. Let |cr| denote ^^^^ Oi. We prove now 
Propostion 3.5.1. 

Proof: Let V = R[Xi, . . . ,Xs] = -R[X] be the polynomial ring in s indeterminates over R 
and let ip : V ^^ R-l-^) be the induced surjective graded morphism sending Xi to Xit. Using 
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Lemma 3.3.1, present ker(a/^p) as the quotient ker^ipp) /Vp-ikei^ipi) . Let gp^i : ker(a/^p) — )• 
{liP^^ :r x^)/{Ii -.R Xi) be defined as follows: for H{X.) G ker((^p), gp^i maps the class of 
iJ(X) to the class of H{ei) in {IiP~^ :r x^)/{Ii -.r Xj), where Cj stands for the i-th vector 
of the natural basis of R^. To see that gp^i is well-defined, take H(X.) G V^_iker(y9i). Since 
any element of Vp-i can be written as a linear combination of the natural basis given by the 
monomials of degree p — l, one can write H(X.) = X]|o-|=p-i('^o-,i^i + • • • + '^cr,*-^^)-^'^, where 
0'a,iXi + . . . + a^j^sXs = 0, tto-j G R. Then H^ei) = a(p_i)ei,j, which belongs to (Jj :r Xj). It is 
readily seen that gp^i is surjective. Finally, since (Jj -.r Xi) C {hi :r xf) C . . . C {LiP^^ :r 
xf), if a/^p is an isomorphism, then {IiP~^ -.r x")/(/j/"~^ :r x"~^) = for each 2 < n < p. 

n 

3.6 Theorem B with stronger hypotheses 

In this section we state and prove a version of Theorem B that works under more restrictive 
assumptions than the version that we will prove later. The special version uses key results 
from Chapter 2 and can be proved with little effort, whereas the more general version will 
be more demanding in terms of preparatory results. 

Theorem 3.6.1. Let (-R, m) be a Noetherian local ring, let I = (xi, . . . ,Xs,y) be an ideal of 
R. Suppose that Xi, . . . , x^ verify the following condition, for all n > 2: 

((xi, . . . , Xi.i)r-^ -.R X,) n r-^ = (xi, . . . , Xi-i)r-\ for alli = l,...,s. (Tn) 

Then the following conditions are equivalent: 

(i) ai^p : Sp(/) — i- P is an isomorphism; 
(ii) ai^n '■ S„(/) — )■ /" is an isomorphism, for each 2 < n < p; 

Proof: Let J = (xi, . . . ,Xs). Recall from Lemma 2.4.1 that the conditions in (7^) hold if 
and only if Hi{xit, . . . ,Xit; R(J))^ = 0, for alH = 1, . . . , s. Then using the exact sequence 
in Discussion 3.4.5 we get the isomorphisms: 

E{I)^ = \^ , '^' ' , for all 2 < n < p. 

Since kera/^p = 0, from Proposition 3.5.1 we know that E{I)n = 0, for all 2 < n < p. The 
claim follows by Remark 3.4.2 . D 
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Corollary 3.6.2. Let (-R, m) be a Noetherian local ring, let I = {xi, . . . ,Xs,y) be an ideal 
of R with J = (xi, . . . , Xs) a reduction of I, xi, . . . ,Xs an R-sequence and x*, . . . , x*_i a 
G{I) -sequence. Then the following conditions are equivalent: 

{i) aj^p : Sp(/) — i- JP is an isomorphism; 
iii) aj^n '■ Sn{I) — ^ /" is an isomorphism, for each 2 < n < p; 

Proof: The result follows directly from Lemma 2.4.3 and Theorem 3.6.1. D 

3.7 Vanishing of the second obstruction 

Let / = (xi, . . . ,Xs) be a finitely generated ideal of R and let aj : S(/) — t- R(/) be the 
canonical morphism. Using Lemma 3.3.1 and its terminology, for each p > 2, present 
ker(a/_p) as ker((y9p)/l^_iker((y9i). If 1 < n < p — 1, since Vp^ikei^ipi) C l^_„ker((y9„), one 
has a natural surjective morphims: 



ker((y9„) ■^p,n keiiifip, 

— » 

V^p_iker(v9i) Vp_„ker(v9„) 



ker(a,,,) - jf^^^^ - ^/^^ , . (H 



p,nj 



Set J = {xi, . . . ,Xs-i) and suppose that aj^n '■ S„(J) — )■ J" is an isomorphism for each 
2 < n < p. In this section we will construct morphisms fp^n, with 

^ ,j , ,^ iiJ2i<i<j<s-i^i^j^s~^) ■R^s)f^I'' fp,n ker ipp 
02 /,x,n + 1 = --, )• -- — - — - — , 

from the modules which appear in condition (6) of Proposition 3.4.6 to ker(y9p)/l^_„ker(y9„) 
(see Propositions 3.7.1 and 3.7.2). Thus we will have the diagram: 

ker ai^p 



02{I,x,n + l) — ^^ kenpp/Vp-nkerfn- 

We will show that, for p > 2 and 1 < n < p — 1, fp^n is injective provided that / is two- 
generated and (0 : x) = (0 : x^), where / = (x,y) (see Proposition 3.7.1) or, in the general 
case, if aj^p is an isomorphism (see Proposition 3.7.2 and the proof of Proposition 3.7.3). In 
particular, if a/ p is an isomorphism, the modules of the bottom row in the diagram above 
are zero and the equations (6) in Proposition 3.4.6 hold. 
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Two-generated case 

For the sake of a better comprehension, first we treat the particular case of / being a two- 
generated ideaL Remark that here, unhke in the general case, we do not need the hypothesis 
"ttj^n isomorphic" to ensure that the morphisms /p,„ are well-defined. 

Proposition 3.7.1. Let R be a commutative ring, let I = {x,y) be a two-generated ideal 
and let p > 2 be an integer. Let V = R[X, Y] be the polynomial ring in two variables and 
let if : V ^ 'S{.{I) be the induced surjective graded morphism sending X to xt and Y to yt. 
Then, for each 1 < n < p — 1, there exists a well-defined morphism 



Jp,n ■ 



(0 : y) n /" keiiifp) 



x((0 : y) n /"-I) Vnker(v9n)' 

Moreover, if {0 : x) = {0 : x'^), then fp^n is injective. 

Proof: Given a G (0 : y) fl J", a = A{x,y) with A{X,Y) E Vn, let /p,„ be the map which 
sends the class of a to the class of Yp^'^A{X, Y) in ker((/9p) /V^_„ ker ((/?„) . 

Well-defined. The definition of /p,„ is independent of the choice of A{X,Y), since if a = 
B{x,y) for another B{X,Y) G K, then Yp-''{A{X,Y) - B{X,Y)) is in V;,_„ker(v9„). In 
addition, if a G x{{0 : |/)n/""^), then a = xK{x,y) where K{X, Y) G Vn-i and yK{x,y) = 0. 
Thus the image of the class of a is the class of Yp-^^XK^X, Y) = Yp-''~^XYK{X, Y) G 
\/p_„ker(v9„). 

Injectivity of /p^„. Let a = X]j=o ^jX^y^~^ with ay = 0. Suppose that /p,„ maps the class 
of a to the zero class. Then we can write 

n p—n 

YP-^(y2\jX'Y"-A =Y,Gr{X,Y)X''YP-''-'- G Vp-nker^n, 

jr=0 r=0 

where Gr{X,Y) G ker(v9„). Set Gr{X,Y) = EILo^^.tX^F"-*. Note that Gr{X,Y) and the 
Ur^t depend on n. Equating the coefficients 

Xj = y^ Ur,t for 1 < j < n , 

r+t=j 

where < r < p — n and < t < n. Therefore, 

n n 

« = 5Z ( 5Z Ur,t)x^y''-^ = Mo,ol/" + J2{J2 
j=0 r+t=j j=l r+t=j 
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Ur,t]X^y'' K 



Since Go{x,y) = 0, mo,oI/" = - Zl"=i "oja;^!/" ^- Then 

i=l ^ r+t=j ' 

= ^ X] ( ( X] "r,tj - UQjjX^'^y'"'^ = xz, 

j=l ^ r+t=j ' 

with z = X]j=i ( (X]r+t=j '"^,*) ■" Uoj]x^~^y''^~^ E F'^^ . It remains to show that 2; G (0 : y). 
First, consider the case n = 1. Note that in this case z = ui^. Then, since n = 1, 
"^1,01/ = —""1,13^ and = ay = xzy = Ui^xy = —Ui^iX^. Thus Ui^i G (0 : x"^), which 
by hypothesis is equal to (0 : x). Therefore Ui^y = —Ui^ix = and we conclude that 
a = xz = xui^Q G x{0 : y), proving the injectivity of fp^i. 
From now on, let n > 2. Then, 

zy — Nil ^ -)' .^ - -)'" 1 W-ii,"-i+i 



i=l ^ r+t=j ' 

i=2 ^ r+t=j ^ 

Since Gi{x,y) = 0, Mi,o1/'' = - Zlj'=i"ij3;^l/""^- Then, 

^^ = E ( ( E "-'*) - "o-^- ) ^'~v-'^' - E ^i-.-^'^""' 

i=2 ^ r+t=i / i=l 

-i=2 ^ r+t=j ' j=\ 

Setting w = X;j=2 ((Er+t=i"r,t) - Mojja;^~^t/""-'+^ - E"=i^i,i2;^"^y"~^ we have zy = xw. 
Since = ay = xzy = x^w, w G (0 : x^) which, by hypothesis, is equal to (0 : x). Thus 
zy = xw = and a = xz E x((0 : y) fl I"^^), hence /p,„ is injective. D 

General case 

Now let / = (xi, . . . , Xs), s > 3, and set J = (xi, . . . , x^.i). For p > 2 and 1 < n < p — 1, 
we are going to construct the morphisms /p^„ under the assumption that aj^n '■ S„(J) — )■ J" 
is an isomorphism for 2 < n < p. For convenience, we say that a form A{Xi, . . . , Xs) G Vn 
represents an element a G /" if A{xi, . . . , x^) = a. 
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Proposition 3.7.2. Let R be a commutative ring, let I = (xi, . . . ,Xs) with s > 3, and let 
p > 2 be an integer. Let V = R[Xi, . . . ,Xs] be a polynomial ring and let ip : V ^ R-l-^) ^^ 
the induced surjective graded morphism sending Xi to Xit. Suppose that J = {xi, . . . ,Xs-i) 
verifies that aj^n '■ S„(J) — )■ J" is an isomorphism for each 2 < n < p. Then, for each 
1 < n < p — 1, there exists a well-defined morphism 

Moreover fp^i is injective. 
Proof: Pick an element 

l<i<j<s-l 

Thus, Xgtt = J2i<i<j<s-i^i^j'^ij "with ttij G /"~^. Let A(X.) E Vn he a form representing a 
and let Ajj(X') G Vn-i be a form representing 0^-, where X' = {Xi, . . . ,Xs-i}. Let /p,„ be 
the map sending the class of a to the class of 



xr"-i(x,A(x)- Yl x^x^M^': 



i<«<i<s-i 
in ker(v9p)/\4,_„kerv9„. 

Well-defined: Set W = R[Xi, . . . ,Xs_i] and define ip : W ^ ^{J) sending Xj to Xjt. In 
particular, the following diagram is commutative: 

W -^ R(J) 



V -^ R(/). 
In order to check that /p^„ is well-defined, we first prove that the image of the class of a 
does not depend on the choices of A(X) and Ajj(X'). Let A(X),i?(X) G Ki be two forms 
representing a. Suppose that for aij,bij G /"^^ 

i<«<i<s-i i<«<j<s-i 
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class of 



Let AijCX.'), BijCK') G Wn-i be two forms representing aij and bij, respectively. Then the 

xr""-' (xs (a(x) - 5(x)) - Yl ^^^^ (^^^(x') - B^A^'))) 

in ker(/9p/V^_„ker (/9„ is the zero class, since A(X) — -B(X) G ker((/9„) and 

5^ X,X, {A,^ (X') - 5,, (X')) G ker(^. 



l<j<j<S-l 



which by hypothesis is equal to Wi ker (■?/'„) C Vi ker(v9„). 

Assume now that a G X]i=i ^i{{^i,sls~^ '■ Xg) H J""^). Write a = X]i=i ^i*^*; where a^ G 
J""^, XsCj = Xlfci jj.i^j'^ij ^"^^ '^ij ^ -^r"^- Hence if Aj(X) G V„_i is a form representing Oj, 
then J2iZi XiAi{X.) is a form representing a. Note that Xga = J2iZi ^iJ^'jZij^i^jCij which 
can be written as Xli<j<j<s-i^«^i'^«i' where dij = Cij + Cji ior 1 < i < j < s — 1. Thus /p,„ 
maps the class of a to the class of 



Xr"-i (X, J2 X^A{X) - Yl X,X^D,^{X' 

s— 1 s— 1 s— 1 

S-1 S-1 

= xr^-' E ^^ (^sA.(x) - E x,a,{x')) , 



i=l J=i 



mce 



where Cij(X') G VF„-i is a form representing Qj and DijCK') = Cij(X') + Cjj(X'). Si 
XsAj(X) — Xlfci j^iXjCijCK') G ker((/9„), then /p^„ maps the class of a to the zero class. 

Injectivity of fp^i. Let a G nZli<j<j<s-i^i2:ji?) : Xsj n /. Then a = Y.Ui^i^i^ "^i^h 
\i G -R, and Xgtt = J2i<i<j<s-i^i^j'^ijj '^ij ^ ^- Suppose that fp^i maps the class of a to the 
zero class. Then we can write 

s 

Xr\XsY,^^X^- E X,X,a,,^= E Ki^i + ---+«--^^«)^"' (3-1) 

i=i i<«<i<s-i k|=p-i 

with -Ucr.ia^i + . . . + Ua,sXs = 0, -Uo-j G /?, where recall that if cr = ((Ji, . . . , cXs) G N'', a;°" = 

xl^ . . . Xg' and X'^ = X^^ . . . X^^ For convenience, denote 



Mefe + (p-2)e,,t for 1 < /c < S - 1, 

U(p-i)e„t ioi k = s. 
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where {ei,...,es} stands for the canonical basis of M^. With these notations and from 
equation (3.1), we get the following identities: 

^i = Us,i + Ui^s for 1 < i < s — 1, 
Using the fact that Ug^iXi + ... + Ug^s^s = 0, we get 

s s—l 

Qj y ^i^i y \f^s^i ~r Ui^sjXi ~r 'Us^s^s 

i=l i=l 

s—l s—l s—l 

/ ^ \^s,i ~r Ui^sjXi y ^ Ug^iXi y ^ Ui^sXi- 

i=l i=l 4=1 

Since Ui^iXi + . . . + Ui^sXs = Oforl<i<s — 1, then Ui^sXs = — X]j=i ""ij^i ^^^ 

s-l s-l 

(IX g / ^ ^i^sXsXi ^ ^ il{jXiXj. 

i=l *ii=l 

But axs = YliKiKjKs-i^i^i^ij- Hcncc 

s-l 

i?(X) = Y, UijX.Xj + ^ X.X^aij (3.2) 

belongs to ker('?/'2). Since aj^2 is an isomorphism, -R(X) can be written as 

s-l 

R{X) = J2 (^M^i + • • • + w,^s-iXs-i)X, (3.3) 

j=i 

with Wj^iXi + . . . + Wi^s-iXs-i = 0, Wjj G R. In particular Wj^j G (/j,s : x,). Equating the two 
expressions of -R(X) in (3.2) and (3.3) we get the identities Ui^i = Wi^i G (/i,^ : Xj) for each 
I <i < s-l. Then, for 1 < z < s-l, Ui^sXs = - Z]j=i ^ij^j = - Yfj^ij^i^ijXj-Ui^iXi G h^s 
and Ui^s e (-^j,s : Xs). Therefore a = Y^iZl^i^sXi G Y^tZl ^ii^i^s ■ Xs), proving the injectivity 
of fp,i. D 

The next proposition proves the vanishing of equations (b) in Proposition 3.4.6 under our 
hypotheses. 

Proposition 3.7.3. Let R be a commutative ring, let I = (xi, . . . ,Xs) with s > 3 and let 
p > 2 be an integer. Suppose that J = {xi, ...,Xs-i) verifies that aj^n '■ 8^(7) — )■ J" is an 
isomorphism for each 2 < n < p. If aj^p is an isomorphism, then 
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Proof: Let V = R[Xi, ..., Xg] be the polynomial ring in s variables and let (/? : l^ — )■ R(/) be 
the induced surjective graded morphism sending Xj to Xit. If ai^p is an isomorphism, using 
the natural surjective morphism (Hp „) in the beginning of Section 3.7, one deduces that 

^""'^"^p} = for each l<n<p-l. 
l/p_„ker(v?„) 

For I < n < p — 1, consider the morphisms fp^n defined in Proposition 3.7.2: 

Vp-n ker ipn 

It suffices to show that /p^„ is injective for 1 < n < p — 1. This will be done by induction on 
n, 1 < n < p — 1. By Proposition 3.7.2, fp^i is injective. Suppose now that p > 3, fix n with 
2 < n < p — 1 and assume that fp^g are injective for 1 < g < n — 1. In particular, 

02(1, x,q + 1) = for 1 < g < n- 1. 

Since aj^„ : S„(J) — ?■ J" is an isomorphism for each 2 < n < p, by Remark 3.4.2, E[J)t = 
for 2 <t < p. Since by hypothesis ker(a/^p) = 0, Proposition 3.5.1 implies that 

, ' ' , =0 for 1 < « < s and for 2 < t < p. 

(Ji/*-2 -.xl') 

Using Proposition 3.4.6, we get E{I)2 = 0, . . . ,E{I)n = 0. In particular, by Remark 3.4.2, 
ai^n is an isomorphism and ker(y9„) = Vn-ikei^ipi). 
Let us prove that fp^n is injective. Take 



\a\=n ^ l<«<i<s-l ^ 



Suppose that /p,„ maps the class of a to the zero class. We will show that a can be written 
as a = J2i=i ^i^i where a^ G {Ii^sl^~^ '■ Xs) fl /"^"'^ for 1 < z < s — 1. 
By hypothesis, Xga can be written as 

Xstt = 2. XiXjttij , with ttij G /"~^. (3.4) 

Let Ajj(X') be a form of degree n — 1 in the variables X' = {Xi, . . . ,Xs-i} representing 
ttij. As in the proof of Proposition 3.7.2, set W = R[Xi, . . . ,Xs-i] and ip : W -^ ^{J) 
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sending Xi to Xit. Since fp^g maps the class of a to the zero class in ker((y9p)/l^_„ker(y9„) 
and kei^ipn) = Ki-i ker(v9i), we can write 

|o-|=n l<i<i<'5— 1 

5^ KiXi + ...+M,,,X,)X- (3.5) 

|c^|=p-l 

where Mtj,ia;i + - • ■ + Ui^,sXs = 0, M(^,j G -R and u; = (wi, . . . , Ws) G N^. The following convention 
will be useful: if w G N* with |ci;| = p — 1 is of the form u = a + {p — n — 1)6^, for a certain 
cr G N** with |cr| = n, we will denote Ua-+{p-n-i)e^,i by Va,i, ioi 1 < i < s. In particular, 

'?^cr,ia;i + . . . + Va-^sXg = for a G N*, |cr| = n. (3.6) 

Comparing the two polynomial expressions in equation (3.5), we observe that the monomial 
term Aa-X""'^*^^""')^' of the left hand part is equal to the sum of the following monomial terms 
of the right hand part: u^^iX^^'^\ for 1 < i < s, where cr + {p — n)es = u} + ei. Ifl<2<s — 1 
and i ^ supp(cr), there is no u such that a+{p—n)es = w+Cj. If 1 < i < s — 1 but i G supp(cr) 
then u = a — ei + es + {p — n — l)es. lii = s,u = a + {p — n — l)es. Therefore, 

l<i<s-l 

■t€supp(cr) 

Then, 



|o-|=n 



a 


= 2_^ Kx = 


= 2. 


1 2^ t;.-e 


i+es,i 




CT =n 


|(T|=ra 


^ l<i<s-l 

iGsupp{cr) 






s-1 










- 1: ^ 'V- 


-ei+es,i 


^" + U '"-. 


sX". 




i=l |o-|=n 




\u\=n 





For a fixed 1 < i < s — 1, if a G N'* is such that |cr| = n and (Ji ^ 0, then 6 defined as 
9 = a — Ci + Cs has \6\ = n, 9^ j^ and a = 9 + Ci — Cs- Conversely, if 6* G N'^ is such that 
1^1 = n and 9s 7^ 0, then a defined as a = 9 + Ci — Cg has |o"| = n, ctj 7^ and 9 = a — ei + eg- 
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Therefore, 



s-l 

a = 



i=l |9|=n \0\=n 

9s#0 

S-l 

|fl|=n i = l |91=n |S|=n 

|e|=n i=l |e|=n 

Us 7^0 Bs^O 

Using equation (3.6), for a 6* G N'^, \9\ = n, then fg^iXi + . . . + fe,sa;s = 0. If Og ^ 0, then 
V0,sX^ = vg^sXsX^'"" = -Y^tZlvg^iXix'^''''' = - YliZl V 9, ix'^'^ ''''''' . Therefore, 

a = 5Z^^.-^'- (3.7) 

63=0 

From now on let U = {6 E W^ \ \6\ = n and 6s = 0}. Then, by equation (3.6) again, 
Xsa = ^ ve,sXsx'^ = ^ (-t^e.iXi - ... - ve,s-iXs-i)x'^ . 

Using equation (3.4) and the subsequent definitions, it is clear that the form 

^(XO = Y, {^9,1^1 + ■■■ + ve,s-iXs-i)X' + Yl X,X,A,{X'), (3.8) 

e£U i<i<j<s-i 

belongs to ker^ipn+i)- Since aj^2, ■ ■ ■ , C(j,p are isomorphisms, then ker(7/'„+i) = K„ ker(?/'i) and 
G'(X') can be written as 

G'(X') = Y Ki^i + • • • + we,s-iXs-i)X' (3.9) 

with we^iXi + . . . + we^s-iXs-i = 0, wej G -R. Comparing the two polynomial expressions 
in (3.8) and (3.9), we observe that the term Vnei,iX^'^^^^^^ is equal to Wnei,iX^^^^^'^% for 

1 < i < s — 1. In particular, Vna,! = Wnei,i £ {Ii,s '■ Xi) for each 1 < i < s — 1. 

Let v4(X') = ^gg^ vg^sX^ G iy„, which by equation (3.7) represents a. 

Set Wi = {^ G W I 01 ^ 0} and Wi = {0 G W I ^j = 0, 1 < j < i - 1 and 9i ^ 0} for each 

2 < i < s — 1. Clearly, the Ui define a partition of U. 

Let Ai(X') = Eeew, ^e,sX^"'' e Wn-i- Then we have A(X') = XiAi(X') + ... + 
Xs-iyls_i(X'). Evaluating at xi, . . . ,Xs_i, one obtains the equality a = A{xi, . . . ,Xs-i) = 

76 



Y.Ui^iO'i^ where a^ = Ai{xi, . . . ,Xs-i) = Y.eeu,'"s,sX^ ""' G /" ^- We claim that a^ e 
{Ii^sls~^ '■ Xs) n /"^^ for each l<'j<s — 1. By equation (3.6), 

Fix 6* G Wj. If supp(^) contains j ^ i, then ve,iXiX^~'^^ = Vg^iXiXjX^~'^^~^' = Vg^iXjX^~^^ G 
Ii,sls'^] if supp(6') = {i}, then 6 = net and vg^iXix'^''"' = Vnea^"^ e (/i,s : a;i)x" C h^sl's'^- 
So a = X]i=i ^i*^*' where a, G {li^s^s^^ : a;^) fl /"~\ proving the injectivity of /p^„ as desired. 
D 

3.8 Theorem B 

We have now all the ingredients to prove the main result of the chapter. 

Theorem B. Let R be a commutative ring, let I = [xi, . . . ,Xs) be an ideal of R and let 
p > 2 be an integer. Suppose that J = (xi, . . . ,Xs-i) verifies that aj^n '■ Sn(J) — > J" is an 
isomorphism for each 2 < n < p. Then the following conditions are equivalent: 

(i) aj^p : Sp(/) — )■ /^ is an isomorphism; 
(ii) aj^n '■ S„(/) — )■ /" is an isomorphism for each 2 < n < p. 

Proof: Suppose (i) and assume s > 3 (add repeated generators if necessary). By Propo- 
sition 3.5.1, (/i/""^ : x^)/(/i/"-2 : x""^) = for each 1 < i < s and 2 < n < p. By 
Proposition 3.7.3, 

02(1, x,n + 1) = for each 1 < n < p — 1. 

By Remark 3.4.2, E{J)n = for every 2 < n < p. Using Proposition 3.4.6, we have 
E{I)2 = 0, . . . , E{I)p = and (ii) follows by Remark 3.4.2. D 

Corollary 3.8.1. Let R be a commutative ring, let J G R be a finitely generated ideal of 
linear type and let I = {J,y), i.e., I is an ideal of almost-linear type. Then the following 
conditions are equivalent: 

(i) aj^p : Sp(J) — )■ P is an isomorphism; 
(ii) ai^n '■ S„(/) — )■ /" is an isomorphism for each 2 < n < p. 
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In particular, this equivalence holds if either 

1) R is reduced and I is two-generated, or 

2) R is an integrally closed domain and I is three- generated. 

Proof: If / = (x, y) is a two generated ideal in a reduced ring, J = (x) is of linear type. If 
/ = (x, y, z) is a three-generated ideal in an integrally closed domain, the ideal J = (x, y) is 
of linear type by [Costa83, Theorem 3]. D 

Corollary 3.8.2. Let {xi, . . . , x^} be a sequence of elements of a commutative ring R and let 
Ji = (xi, . . . , Xj). Let p >2 be an integer. Suppose that a^ : Sp(Jj) — )■ J\ is an isomorphism 
for each \ < i < s. Then an '■ Sn{Ji) -^ Ji' is an isomorphism for each 1 < i < s and for 
each 2 < n < p. 

Proof: Proceed by induction on s > 1. Since aj^^p is an isomorphism. Example 3.3.2 
implies that aj-^^n is an isomorphism for each n >2. Let s > 2 and suppose that aj^^n is an 
isomorphism for each 2 < n < p and each 2 < t < s — 1. Since by hypothesis aj^^n is an 
isomorphism. Theorem B implies that aj^,„ is an isomorphism for each 2 < n < p. D 

Remark 3.8.3. To summarize, let us gather the results of [TchernevOT] with those presented 
above. These are the situations in which the injectivity of the graded components of the 
canonical morphism a propagates downwards: (z) / such that S(/) contains a regular element 
in degree one; (ii) / = m maximal ideal (see [TchernevOT, Theorem 5.5]); {Hi) I such 
that pd(/) < 1 (see [TchernevOT, Theorem 5.1]); (iv) I perfect Gorenstein of grade 3 (see 
[TchernevOT, Theorem 5.3]); (v) I = {J,y) with J is of linear type, i.e., / almost-linear 
type (see Corollary 3.8.1), in particular, either when / = {x,y) and R reduced or when 
/ = (x, y, z) and R integrally closed domain. 

Remark 3.8.4. Kiihl proved that in a Noetherian ring, linear type and projectively of 
linear type are equivalent conditions for an ideal / provided that / is generated by a proper 
sequence (see [Kiihl82, Corollary 2.4]). We have achieved new cases in which this equivalence 
holds: in fact, by Corollary 3.8.1, if / is an ideal of the form / = (J, y) with J of linear type, 
then I is of linear type if and only if I is projectively of linear type. We can state this claim 
together with other cases considered so far in the following corollary. 
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Corollary 3.8.5. Let R be a Noetherian ring and I an ideal of R. Consider any of the 
situations considered in Remark 3.8.3: 

(a) Si(/) contains a non-zero-divisor ofS{I); 

{b) I = {J,y) with J an ideal of linear type; 

(c) pd(/) < 1; 

(d) I is perfect Gorenstein of grade 3; 

(e) I = m is a maximal ideal. 

In any of the situations (a) — (e), / is of linear type if and only if I is of p-linear type, 
i.e., the canonical morphism aj : S(/) — t- R(/) is an isomorphism if and only if the induced 
morphism aj : Proj(R(/)) — )■ Proj(S(/)) is an isomorphism of schemes. 

Proof: The claim is a straightforward consequence of Remark 1.3.33 and Remark 3.8.3 
above. D 

3.9 Examples and applications 

The following example shows that if the hypothesis of aj„ being an isomorphism for each 
2 < n < p is not fulfilled, then the conclusion in Theorem B may fail. Concretely, for 
each p > 2, we construct a two-generated ideal / = {x,y), with neither (x) nor (y) of 
linear type, such that ai^n is an isomorphism for each n > p + 1, whereas aj^p is not (see 
also [Kuhl82, Example 1.4]). Experimentation with Singular [Singular] was useful in the 
process of generating this as well as other examples. 

Example 3.9.1. Let k be a field and let p >2. Let S = k[UQ, . . . , Up, X, Y] be a polynomial 
ring and let Q be the ideal of S defined as Q = Qi + {UoX^), where 

Qi = {UoY, UoX - UiY, UiX - U^Y, . . . , Up.^X - UpY, UpX). 

Let R be the factor ring S/Q = k[uo, . . . ,Up,x,y] and consider the ideal I = {x,y) C R. 
Then aj-n is an isomorphism for all n > p + 1, whereas aj^p is not. Moreover, /3/^„ is an 
isomorphism for all n ^ p, whereas Pi^p is not. 
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Proof: Let A = k[Uo, . . . , Up] and S = A[X, Y]. We can endow S with a grading by letting 
deg(X) = 1, deg(F) = 1 and deg(ti;) = for each w E A. Then R = S/Q = A[x,y] has a 
standard graded A-algebra structure, with irrelevant ideal given by / = -R+ = {x,y). Note 
that G(/) = ®p>oP/P+^ = R and S{R/I)I/P = SaRi- Consider the free presentation of 
Ri 

-> Qi -> Ae^ © Acy A i?i -> 0, 

where / sends e^ to x, Cy to y and Qi is the submodule oi Ae^QAey generated by UQCy, f/oc^ — 
UiCy, ..., Up-^iCx — UpCy, UpCx- Applying the symmetric functor, it gives rise to the top row in 
the following commutative diagram of exact rows: 



0- 



Qi 



■A[X,Y] 



0- 



Q 



■A[X,Y] 



SAiRi) 

Pi 

R — 







0. 



Therefore, ker /?/ = Q/Qi, which is generated by the class of UqX^ in A[X, Y]/Qi. 

Let us see that U^Xp i Qi. Indeed, if U^X^ e Qi then U^X^ = FqUoY + Fi(f/oX - 
UiY) + ... + Fp{Up.iX - UpY) + Fp+iUpX, for some Fi e S = kpo, ...,Up,X,Y]. We can 
assume that the Fi are homogeneous polynomials in X,Y of degree p — 1. Since {FqY — 
XP + FiX)Uo + (F2X - FiY)Ui + ... + {Fp+iX - FpY)Up = 0, we get F,+iX = F,Y for 
each 1 <i <p. In particular FiY^ = FaXF^-^ = . . . = Fp+iX^ and hence Fi G X^S. But 
since deg(Fi) = p — 1, Fi must be zero, and hence F2 = . . . = Fp+i = 0. Thus FqY = X^, a 
contradiction. 

Then ker(/3/p) 7^ 0, hence aj^p is not an isomorphism. Clearly ker(/3/„) = for each 
2 < n < p — 1. On the other hand, from the polynomial equalities given by 



UoXP+' 



UoX^Y 



X^iUoX - UiY) + XP-^Y{UiX - U2Y) + ...+ 
XYP'\Up^,X - UpY) + Y^iUpX) e Qi, 
X^iUoY) e Qu 



we can conclude that ker(/37 „) = also for n > p + 1. Hence ker(/3/ „) = for each n ^ p. 

Consider the downgrading homomorphism A : S„+i(/) — )■ S„(/), which maps the homo- 
geneous element oi ■ 02 ■ . . . ■ fln+i to 01(02 ■ ... ■ o„+i). Note that in 01(02 ■ ... ■ o„+i), oi is seen 
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as an element in R and the product on the left is the one given by the i?-niodule structure 
of S(/). It is well-known that ker(/3/^„) = ker(a/^„)/A(ker(a/^„+i)) (see [HSV81, Section 3]). 
In our case, it implies that ker(a/ „) = A*(ker(a/ „_|_i)) for all n > p + 1 and t > 1. 

Let us see now that ker(a7„) = for all n > p + 1. Since R is noetherian, ker(a7) 
is a finitely generated ideal of S(/). Therefore, there exists an integer r > 1 such that 
ker(Q;7,r.+f) = Si(/)* ■ ker(a/,r) for all t > 1 (recall that the smallest of such integers r > 1 is 
rt(/), the relation type of /; see e.g. [Planas98] or [VasconcelosOS]). \i n > max{p + l,r}, 
then 

ker(«,,„) = A"(ker(a,,2n)) = A"(Si(/)" ■ ker(a,,0) = /"ker(a,,„). 

But /"ker(a;/,„) = since if w G ker(a/,„), then /"w C a(u7)S„(/) = 0. On the other hand, 
if p + 1 < n < r, observe that ker(a/^„) = A^(ker(a/^„+r)) and n + r > max{p + 1, r}. Hence 
ker(a;/^„) = by the previous case. D 

Remark 3.9.2. Alternatively, one can use the Artin-Rees Lemma to finish the proof of 
the former example. Indeed, since ker(/37- j^) = for each ra > p + 1, we have ker(a/^„) = 
A^(ker(a/^„+s)) C /'*S„(/) fl ker(Q;/^„) for each s > 1 and each n > p + 1. Let s„ be the 
Artin-Rees number relative to the pair ker(a„) C S„(/) and the ideal /. Then the Artin- 
Rees Lemma asserts that /'*S„(/) nker(a7,„) = /'*"■'" (/'*"S„(/) nker(a7,„)) C /''"''" ker(Q;/,„) 
for each s > Sn- Taking s large enough, we see that ker(a/_„) C J"kera/„, which is zero 
by the argument above (see also [Kiihl82, Corollary 1.3]). Therefore ker(a/^ri) = for each 
n > p + 1. 

Remark 3.9.3. Let rii, . . . ,nr > 2 he integers. Then one can construct a Noetherian ring 
A and an ideal I oi A such that /3/^„ is an isomorphism if and only if n ^ ni, . . . , ra^. This 
follows using a construction similar to Example 3.9.1, taking as many sets of variables, 
with the corresponding relations, as there are integers rii, . . . , n^. See Example 4.2.2 for the 
details. 

Remark 3.9.4. Remark that there are ideals / verifying the hypotheses of Theorem B and 
such that S(J) has no regular elements in degree one. Take, e.g., R = k[X, Y, Z]/{XZ, YZ) = 
k[x, y, z] and I = (x, y) C R. 
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Remark 3.9.5. Graph ideals provide us with valuable and manageable examples. Let 

R = k[Xi, . . . , X2p] be the polynomial ring with variables Xi, . . . , X2p over a field k. Let J 
be the graph ideal (X1X2, X2X3, . . . , X2p-.iX2p) corresponding to a path of length 2p — 1. It 
is well-known that J is of linear type, i.e., aj^n '■ ^n{J) ~^ J"' is an isomorphism for all n > 2 
(see [Villarreal95, Proposition 3.1]). Set / = {J,X2pXi), the graph ideal corresponding to 
the closed walk of length 2p. It can be shown that a/p : Sp(/) — t- I^ is not an isomorphism 
(see [Villarreal95, Proposition 3.1]). Then a/„ is not an isomorphism for any n > p, since 
otherwise aj^p would be an isomorphism by Theorem B, leading to a contradiction. 
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Chapter 4 



Further examples and future work 



We present a set of tools behind many constructions and key ideas used in the previous 
chapters. Many results, examples and remarks are outcomes of these techniques. 

The equations of the Rees algebra of an ideal modulo a regular element have been an 
object of study since the influential works of [HSV81, Proposition 3.3] and [VallaSO] on 
ideals of linear type. Here we tackle the question whether the equations of the Rees algebra 
of a given ideal remain invariant when taking the ideal modulo a regular element. We 
prove Proposition 4.1.2, a result that generalises [HSV81, Proposition 3.3] and [VallaSO, 
Theorem 2.1], relying on the module of effective relations, and we are able to deduce at 
once yet another proof of a classical result recorded in the claim 1.3.9, namely, that an ideal 
generated by a (i-sequence is of hnear type. 

When studying the equations of the Rees algebras of ideals in terms of its generating 
sets and reductions, it is very useful to rely on examples where the generators, basic ideal 
operations, computation of reduction and equations of blowing-up algebras are intuitive 
enough to allow simple and flexible examples and to avoid burdensome experimentation. 

Efforts have been devoted to construct families of ideals with prescribed equations. We 
have explored the obstructions arising in the construction of examples of ideals with a prede- 
fined pattern of equations. We have proved a method for constructing ideals with predefined 
top degree equations; as well, we provide a general version of Example 3.9.1. 

Finally, a tentative procedure for expanding sets of equations of Rees algebras is pre- 
sented. It is a variant of a well-known determinantal procedure leading to the notion of 
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expected equations. While the procedure presented has been used by the author as a way 
to expand sets of non-trivial equations of Rees algebras, it is by no means well understood 
why it works and why it should work under more general settings: it remains an appealing 
object of future study. Surprisingly enough, in the examples examined, if we try to expand 
a generating set of the first syzygies, the procedure leads, with few adjustements, to full 
generating sets of equations. 

4.1 The equations of Rees algebras of ideals modulo a 
regular element 

The interplay between the equations of the Rees algebra of an ideal / of R, the Koszul 
homology of generating sets of I and conditions on these generating sets, yield results that 
allow for setting bounds on the relation type of I . 
First of all, let us recall a result from [PlanasOO]: 

Lemma 4.1.1 (see [PlanasOO]). Let R he a Noetherian ring, I an ideal of R and y E I. 
Then, for each integer p > 2, there is an exact sequence of R-modules 

E(I), 5 E(Iliy)),. -, Jilf^ -* 0. 
Proof: Use [PlanasOO] with N = (y) C M = R. D 

The next result generalises [HSV81, Proposition 3.3] and [VallaSO, Theorem 2.1]. Note 
that this sort of statement is already tacked in [Huckaba89, Theorem 2.3]. 

Proposition 4.1.2. Let R be a Noetherian ring and let I be an ideal of R. Let y G /\/^ 
such that (0 : y) n / = and such that the Valabrega- Valla module 

VV^y){I),., = iy)nF-'/yP-' 

is equal to zero, for some p>2. Then, there is an exact sequence of R-modules 

^ Eil), % E{I/{y)), -> VV(,)(/), -^ 0. 

In particular, if y* is G{I) -regular, then E{I)p = E{I/{y))p for all p > 2 and rt(/) = 
rt(//(l/)). 
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Proof: Let / = {xi, . . . , x,) and let R' = R/{y), W = R[Ti, . . . , T,] and W = R'[Ti, . . . , T,]. 
Let ip be the polynomial presentation from W to R(/) sending Tj to Xit and let ip be the 
induced polynomial presentation from W to R(J/(|/)), respectively, and let lis and tir the 
natural projections, as in the following diagram, 

> Q > W -^ R(J) > 



ITS 



TTr 



> Q' > W -^ R(//(y)) ^ 0. 

It is readily seen that, for each p > 2, tts induces an homomorphism 

^p--iQ/Q{p-i))p^iQ'/Q'{p-i))p 

such that the following is a commutative diagram: 

iQ/Q{p-l)), -^ {Q'/Q'{p-i))p 



E{I)p -^ E{I/iy)), 

In fact, TTp sends the class of a given form F E Qp to the class F oi F modulo [y) in 
(QVQ'(P - l))p- If ^ e Q(P - 1) n Wp, then F = ^^^, TiFi, with F, G g(p - 1) H W^p^i and 
it follows F' E Q' {p — 1) n Wp, hence yfp is well-defined. 

We will show that rip is injective, hence we will conclude that ap is injective. 

Take F E Qp a representative of an element in the kernel of ap. Then F G W can be 
written as F = X]I=i^i^«' where Gi G Qp_i, thus F = X]I=i ^«^i + V^ with ii' G Wp, 
Gi G W^p-i, verifying 

G,{x,, ...,x,)E{y)n (xi, . . . ,x,)P-i = (y) n F-i = yP-\ (4.1) 

Observe that we can assume without loss of generality that F = ^11=1 '^i^i with the Gi 
satisfying the last condition 4.1, since K can be written as Ylt=i'^i-^i^ thus we get F = 



E-=i T^iG^ + yK,) and G, + yK, = G,. 

So let us assume that F = J2i=i'^i^i with the Gi fulfilling condition (4.1). Let y 
'^^j=i^jXj- For each I < i < s, there exist Hi G W, deg{Hi) = p — 2 such that Gi 
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(^^=1 '^j'^j)^i ^ Qp~i- Therefore we have: 



1=1 j=l i=l j=l 



s 



1=1 j=l j=l i=l 

Consequently, l/(^^=i XiHi{xi, . . . , Xs)) = 0. Since / fl (0 : y) = 0, then 

s 

^XiHi{xi,...,Xs) = 0, 

i=l 

thus F G (5(p — 1), showing that the homomorphism o"p is injective. The remaining claims 
follow from a straightforward application of Lemma 4.1.1. D 

Contrary to what one may guess in the light of some well-known results, such as [HSV81, 
Proposition 3.3] and [VallaSO, Theorem 2.1], the inequality rt(/) < rt(//(|/)) does not hold 
in general, even if y is a regular element. In the following example, we observe that if y G / 
is an i?- regular element, but y* is not G(/)-regular, the preceding inequality may not hold. 

Example 4.1.3. Let k he a field, let R = k[t^,t^,t^] and let / = (t^t^). Then rt(/) = 3 > 
rt(//(t^)) = 2. 

Proof: For convenience we will let x = t^ and y = t^. The effective relations of the 
ideals I G R and I/{x) C R/{x) can be computed using either 2.3.3 or Lemmas 3.4.3 and 
3.4.4. In fact, since i? is a domain we have -E(/)„ = {xl^~^ :ji y")/(a;/"~^ :/? y"~^) and 
E{I/{x)) = (x -.R y"')/{x -.R y""^^). Straightforward computations lead to the result. Observe 
that X* is not a regular element in G(J), since (/^ :r x) = (t^,t^,t^) but t^ ^ L O 

As a consequence of the previous results and considering the elementary properties of 
d-sequences (see [Huneke86] and [HSV81]), we are able to recover the well-known fact that 
ideals generated by d-sequences are of linear type (see [HunekeSO], [VallaSO] and Section 
1.3.9). Let us split the statement and proof of this result, stating first a key lemma. 

Lemma 4.1.4 (see [HSV81]). Let J G I be ideals of a Noetherian ring R. If I / J is an ideal 
of linear type in R/ J , then J Ci I"' = JI"'^^, for all n > 0. 

Proposition 4.1.5. Let R be a Noetherian ring and I an ideal of R. If I is generated by a 
d-sequence, then I is of linear type, i.e., rt(/) = 1. 
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Proof: Let xi,...,Xs be a d-sequence and / the ideal it generates. Let us proceed by 
induction on s. If s = 1 then being a (i-sequence is equivalent to (0 : xi) fl (xi) = 0. Then 



E{I)p = (0 : x?)/(0 : x?"^) = 0, for all p > 2 and the result follows. 

Suppose that the result holds for (i-sequences of length s — 1. If xi, . . . , x^ is a rf-sequence 
in R, then X2,...,x'^ is also a (i-sequence in R' = R/{xi) (see [Huneke86, Definition 1.1 
and Remarks]). By the induction hypothesis, //(xi) is of linear type. From [Huneke86, 
Proposition 2.1] we know that (0 : xi) fl / = 0. Using the previous lemma it follows that 
(xi)n/" = (xi)/"'~^, for all ra > 1 (see also [Huneke86, Theorem 2.1]). Using Proposition 4.1.2 
we get E{T)p = E{I/{xi))p, for all p >2. Since //(xi) is of linear type for all p > 2 we have 
E{I/{xi)) = thus E{I)p = for all p > 2 and the claim follows. D 



4.2 Rees algebras with prescribed equations 

Two methods are presented to obtain ideals with a predefined set of equations. The first 
method yields two-generated irrelevant ideals of standard algebras with prescribed relation 
type and top degree equations. The second method stretches the arguments presented in Ex- 
ample 3.9.1 to show ideals with prescribed non- vanishing patterns of the graded components 
of ker/3/. 

4.2.1 Prescribed relation type and top degree equations 

Let A = k[Ui, . . . ,Ut] where A; is a field and Ui,...,Us are indeterminates over k. Let 
Xi, . . . ,Xs be indeterminates over A and endow the polynomial ring A[Xi, . . . , Xg] with a 
grading by setting deg(Xj) = 1 for alH = 1, . . . , s and deg{w) = for each w E A. Let 
L be an homogeneous ideal of v4[Xi, . . . , Xg], generated by elements of positive degree. Set 
R = A[Xi, . . . , Xs]/L = ©„>o-Rn = A[xi, . . . ,Xs], where Xj stands for the class of Xj. The 
ring R has a standard graded A-algebra structure, with irrelevant ideal given by / = R+ = 

\Xi, . . . , Xg) . 

Notice that G(/) = (Bn>oI^ / 1'^'^^ is isomorphic to R as A-algebras and Sr/i{I/P) = 
Sa(-Ri). Let ip : A"^ ^ Ri he a. free presentation of Ri, sending each basis element Cj to Xj. 
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Then there is a short exact sequence 

-^ Li -^ Aei © . . . © Ae^ -4 i?i -^ 0. 

Notice that there is an isomorphism of A-modules Li = Li induced by the map A^ — ;■ 
yl[Xi, . . . , Xs]i sending Cj to X,. Applying the symmetric functor to the short exact sequence 
(see [Bourbaki, Algebra, Ch. 3, Section 6.2]), one gets the following commutative diagram 
with exact rows: 

L(l) A[X,, . . . , X,] Sa{Ri) 



L A[Xi, ...,Xs\ — R 0. 

By the claims of the preceding paragraph and according to the notations adopted through- 
out, the canonical morphism a in the diagram above is no other than /3/. An immediate 
application of the snake lemma yields ker(/3/) = L/ L{1). 

According to the claim 1.3.29, rt(/) = rt(G(/)) (set r equal to this value) and E{I)r = 
E{G{I))r- On the other hand, using the isomorphism ker/3/ = L/L{1), we get 

^(G(/)), = ker /3,,,/Si(J//2) ■ ker/3,,,_i - {L/L{r - 1)),. 

4.2.2 Non-zero ker^ at prescribed degrees 

In Section 3.9 we constructed a ring Rp and an ideal Ip C Rp such that ker/3 is non-zero 
only at a given degree p. Moreover, ker /3/ p is cyclic. 

As it is asserted in Remark 3.9.3, we will prove that given a finite set S = {pi, . . . ,Pr} 
of integers > 2, there exists a Noetherian ring As and an ideal Is C As such that /3/g^p is 
an isomorphism if and only ii p ^ S. 

The idea consists in loading a new set of indeterminates and equations in these indeter- 
minates for each new fresh equation we want to add to the kernel of Pi^. If the set S is 
finite, this will be nothing but a tensor product of algebras. On the other hand, considering 
S infinite, would lead us to a non-Noetherian scenario that will not be tackled here. 

Example 4.2.1. Let f/pj be indeterminates for integers p > 2 and < i < p. As in 
Example 3.9.1, define Qp as the ideal of Ap = k[X, Y][Upfi, . . . , Up^p] given by 

Qp = [Up^oY, UpfiX — Up^iY, Up^iX — t/p,2^, • • • 5 Up^p-iX — Up^pY, Up^pX, UpfiX^). 
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Notice that Ap/Qp are /i;[X, F]-modules. Given S = {pi, . . . ,pr} a finite set of integers 
satisfying 2 < pi < p2 < ■ ■ ■ < Pr, define tlie ring As as 

As = {ApJQpJ ®k[x,Y] (ApJQp^) ®k[x,Y] ■ • ■ '^k[x,Y] {ApJQp,). 

Then the ideal / = (x, y) C As verifies that 

^ ^ / (f/n.oTf) neS, 

ker 13 1 ^n = < 

[ n^S. 

In particular, / is of p-linear type and rt(/) = pr, thus not of linear type. 

Proof: In order to not too much overload the notation, we will prove the claim for a set 
S = {p, q} with 2 < p < q; then the argument can easily be generalised to finite sets of 
integers. Let 

Qp = {UoY, UoX - UiY, UiX - U2Y, . . . , Up^iX - UpY, UpX, UqX^) 
Q, = {VoY, VoX - ViY, ViX -V2Y,..., V^.^X - V,Y, V,X, VoX'^), 



and let us set 



A;[X,r,f/o,...,f/J^ k[X,Y,Vo,....V,] 



As = (Ap/Qp) (g)k[x,Y] i^q/Qq) = ' ^'"""' ®fc[X,y] 



k[X,Y,Uo,...,Up,Vo,...,Vg] 



k[x,y,UQ,...,Up,vo,...,Vg], 



/ = (x, y) C As- Let /3/ : S(///^) — )■ G(/) be the canonical epimorphism onto the associated 
graded ring of / and consider ip : W = As[Ti,T2] — )■ G(/), the polynomial presentation of 
G(/) sending Ti to x* and T2 to y*. We know that ker/3/ = ker ip /W^kei ipi. Using this 
correspondence, by the previous discussion in Section 4.2.1, we known that ker /?/ is generated 
by the classes of uoTf and vqT^ modulo the ideal generated by linear forms 

kerV^(l) = W+ ker V^i = (M0T2, uqTi - U1T2, uiTi - U2T2, ..., Up-iTi - UpT2, UpTi, 

V0T2, VqTi - V1T2, viTi - V2T2, . . . , Vg_iTi - VgT2, VqTi). 

Repeating the same arguments as in the proof of Example 3.9.1, it is clear that any combi- 
nation fiUoTf + vvqTI with deg-r^ t2(/^) — deg^j T2(^) — ^ belongs to ker^(l), consequently 
vanishes in ker/3/. Moreover, rt(/) = q and from ker Pi^n = for all n > g + 1 one deduces 
ker a/^„ = for all n > g + 1, thus / is of p-linear type. D 
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4.3 ^-linear type but not ]9-linear type 

Recall from Section 1.3.4 that we have the following chain of implications: 

linear type =^ p-linear type =^ ^f-linear type. 

While the converse implications do not hold in general, we can see that the first one is 
valid for principal ideals, that is, the notions of linear type and p-linear type coincide for 
principal ideals. 

Lemma 4.3.1. Let R be a Noetherian ring. Let I he a principal ideal. If I is of p-linear 
type, then I is of linear type. Furthermore, any principal ideal I with ker aj^n = for some 
n > 2 is of linear type. 

Proof: Let / = (x) be a principal ideal of R. By Example 3.3.2, kera/^„ = (0 : a;")/(0 : x). 
By Remark 1.3.33, kera/,^ = for n large enough. It follows that (0 : x^) = (0 : x). D 

Remark 4.3.2. Recall that we have already seen examples of ideals of p-linear type with 
arbitrarily large relation type: recall the previous examples 3.9.1 and 4.2.1. 

In the next example it is proved that (yf-linear type does not imply p-linear type, even for 
principal ideals. 

Example 4.3.3. Let A; be a field and R = k[X,Y]/{X^Y,XY^) = k[x,y]. Then / = (y) is 
an ideal of (^-linear type but not p-linear type. 

Proof: We will show that ker a is nilpotent whereas kera„ does not vanish for any n > 2. 
Let (f : R[T] -^ R'(/) sending T to yt, Q = keiip. Then Q/Q{1) = ker a is generated by the 
class of xT^. In fact, kera„ ^ for any n > 2, since the class of xT" is not zero in kera„. 
On the other hand, the class of (xT")^ = x^T^" = (x^T) ■ T^""^ in kera;„ is the zero class, 
since x^T G Qi. 

4.4 Computing the equations of Rees algebras by means 
of a determinantal closure 

In this section we develop some examples that illustrate a tentative determinantal procedure 
to expand sets of equations of the Rees algebra of an ideal /. This procedure arises as a 
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natural extension of a determinantal method that computes the maximal minors of the Jaco- 
bian dual of a free presentation of /. A quick overview of the basic settings and description 
of the procedure is presented (see also e.g. [SUV93], [Morey96] and [VasconcelosQl]). Then 
a brief explanation of the generalisation of the procedure is given. 

The aim is to understand whether the equations of R(/) may arise as an ideal of minors of 
a matrix -B(^) which is iteratively obtained, starting from the first syzygies of I and leading 
to a sort of determinantal closure. Such a procedure has its roots in the computational 
insights already stressed in the literature relating the equations of Rees algebras and the 
first syzygies (see for instance [CHW08], [Cox08] and [CD'AIO]; see also 1.3.20). 

Let us begin with an introductory example: 

Example 4.4.1. The following is a particular case of the family considered in Example 2.6.1. 
Let / = (s^,t'^,st^) C R = k[s,t]. Let ip : R[Ti,T2,T3] -^ R'(/) be the polynomial presen- 
tation sending Ti to s^, T2 to t^ and T3 to st"^ (viewing s^, t^ and st^ in R(/)i), and let 
Q = ker ip. We get the following Hilbert-Burch presentation 



i?(-4) © i?(-5) 



t^ 



s^ t^ st^ 



0. 



R{--if 

Let the linear forms 5*1, 5*2 G -R[T'i, T2, T3] be given by the following identity: 

t^ 
[5i,52] = [Ti,T2,T3]- s 

-t -s' 

In fact, 5*1, 5*2 is a minimal generating set of the module of first syzygies of I using the 
obvious correspondence, i.e., Q{1) = {Si, 82)- Observe that we have another matrix identity 

to describe 5*1, 5*2: 

T2 -sTs 



[Si,S2] = [s,t] 



-T3 m 



The determinant tTiT2 — sT^ of the matrix of the right hand part is an element of Q which 

is not in Q{1). Now we iterate the process by adding a column corresponding to the new 

element: 

T2 -sTa -Tl 



[SuS2,mT2-sTi] = [s,t] 



^2 
3 



-T3 m T1T2 
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Among the (2 x 2)-minors of the matrix of the right hand part, all of them belonging to 
Q, T1T2 — T| is the only one that is not contained in the ideal (^i, S2,tTiT2 — sT^). Since 
T1T2 — T^ ^ (s, t)i?[Ti,T2,T3], we can not play the same game again and stop. 

So far we have obtained four elements oi Q: Si, S2 of degree 1 and two more homogeneous 
elements of Q of degrees 2 and 3: tTiT2 — sT^,TiT2 — r|. By Example 2.6.1, we already 
know that they are enough to generate Q. D 

For the rest of the section, consider the following framework: let R be the polynomial 
ring k[Zi, . . . , Zj] over a field k;let I = (xi, . . . , x^) be an ideal of R with i?-free presentation: 

let (p : R[Ti, . . . ,Ts] — )■ R(/) be the polynomial presentation of R(/) sending Tj to Xit, and 
let Q = ker ip. 

If M stands for the matrix oi ip, Q(l) is generated by the linear forms Si, ... , Sm defined 
as [S*!, . . . , Sm] = [Ti, . . . ,Ts]- M. Suppose that the ideal L generated by the entries of M is 
included in {Zi, . . . , Zr). Suppose also that m = fi{Q{l)) > r. Let Bi^ip) be an (r xm)-matrix 
with entries in R.[Ti, . . . , Tg] satisfying the equation 

[Si,...,Sm] = [Zi,...,Zr]-B{^). 

Remark 4.4.2. If A is an (r x r)-minor of B{ip), then A G Q. Consequently, the ideal 
Ir{B{ip)) generated by the (r x r)-minors of M is contained in Q. 

Proof: Using Cramer's rule we get A ■ Zj G {Si, . . . , Sm) = Q(l) <Z Q, ioi i = 1, . . . ,r. 
Within our assumptions R(/) is a domain, thus Q is a prime ideal and we have A G Q since 
Z,iQ. D 

Unless the entries of M are linear in Zi, . . . ,Zj., there will be several choices for B{iIj). 
By Remark 4.4.2, it is clear that (5*1, . . . , Sm) + Ir{.B{ip)) C Q. When the equality holds, 
the ideal I is said to have the expected equations. For a taste on such classes of ideals see for 
instance [ Vasconcelos9 1 ] . 
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Example 4.4.3. The following is a particular case of the family considered in Example 2.6.5. 
Let / = (s^,t^,s^t^) G R = k[s,t]. We get the following Hilbert-Burch presentation: 



i?(-7)©i?(-8) 



t-^ 

s^ 

-i2 _s» 



R{-5f 



1^0. 



Let 5*1, 5*2 G -R[Ti,T2,T3] be the linear forms given by the following identity: 



[S,,S2] = [T,,T,,Ts] 







In fact, 5*1, 5*2 is a minimal generating set of Q{1)- Observe that we have another matrix 
identity to describe 5*1, 5*2 in terms of a row vector [s, t] and a matrix of the form B{iIj): 



[5l,52] = [s,t]- 



sT2 -s^Ts 



Consider the determinant st^TiT2 — s^tT^ of the matrix of the right hand part. Decompose 
it into its prime components and clear the factors not belonging to Q. We get a new element 
tTiT^ — sT^ of Q not belonging to Q{1). Since tTiT2 — sT^ G (s, t)i?[Ti,T2,T3], we add a 
new column: 



[Si,S2,mT2~sTi] = [s,t]- 



sT^ -s^Ts -Ti 



-2 



t^Ti T1T2 



thus, after clearing the (2 x 2)-minors of B2 that already belong to Pi = {Si, S2, tTiT2 — sT^) 
and the irreducible factors not belonging to Q, we get sTiT| — tT^. Since ST1T2 — tT^ G 
(s, t)-R[Ti,T2,T3], we add a new column: 



[Si, S2, tTiT2 - sTl sTiTl - tTi] = [s, t] 



-s'n 



-Ti TiTi 



-^3 



ST2 - 
-tn t^Ti T1T2 

and again after clearing the (2 x 2)-minors of -B3 that already belong to P2 = {Si, S2, tTiT2 — 
sTl sTiT^-tTi), we get the irreducible form T^-T^Tl Since T^-T^T^ ^ {s, t)R[Ti,T2, T3] 
the procedure halts. Let P3 = {s^T2 - t^Ta, tTiT2 - sT|, sTiT| - tT^, T^ - T^T^) C Q: by 
Example 2.6.5 we know that P^ = Q. D 
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The next algorithm encodes a sequence of instructions corresponsing to the steps com- 
pleted in the previous discussion and examples. It is a tentative procedure to expand a 
generating set of Q(l) into a generating set of Q. The reader will observe that the same pro- 
cess could be used to expand any finite set of elements in Q and could lead to the definition 
of a sort of determinantal closure for subideals of Q. 

Algorithm ^iAA. In what follows, L and K will be lists of forms in -R[Ti, . . . , T,], with all 
the forms in L belonging to (Zi, . . . , Zr)R\Ti, . . . , T^], P will stand for an ideal in -R[Ti, . . . , T,] 
and B will denote a matrix of forms in -R[Ti, . . . , T,]. 

Compute S = {Si, . . . ,Sk\ a minimal generating set of Qi; 

Set L^ S; 

Let P = (L), the ideal generated by the elements of the list L; 

Since all the forms of the list L belong to {Zi, . . . , Zr)R[Ti, . . . , T,], there is an (r x A;)- 

matrix Bi such that [L] = [Zi, . . . , Zr] ■ -Bi; 

Set B ^ Bi- 

while K ^^ do 

Compute the (r x r)-minors of B and put them into a list K\ 

Set K ^ K\{m (^ K \m E P}, i.e., discard all the elements of that belong to P; 

for all / G K do 

Compute all the irreducible components {/«} of / in fc[Z'i, . . . , Z^] [Ti, . . . , T^]; 
Set K ^ {K\f) U {/, I fi e g}; 

end for 

Set L^ LUK; 

Set P = (L) the ideal generated by the elements of P; 

Set K ^ K\{f eK\f ^ (Zi, . . . , Z,)P[Ti, . . . , T,]}; 

Since all the forms of the list K belong to (Zi, . . . , Zr)R[Ti, . . . , T^], there is a matrix 

Bk with r rows such that [K] = [Zi, . . . , Z^] ■ B^] 

Set B ^[B\ Bk]; 
end while 
return P. D 

We proceed to run Algorithm 4.4.4 in one more example, respecting the notations used 
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in the pseudo-code. 

Example 4.4.5. Let / = {u, z) fl (f,t) = {uv,vz, zt,ut) C k[u,v,z,t] be the ideal of the 
graph cycle C4 (see also Example 2.6.4). In this case we have the following a free presentation: 



z 


t 








-u 





t 











— V 


u 





—v 





—z 



R{-3y 



Let Pq = Q{1) = {Si, S2, 5*3, 5*4), where 



R{-2) 



uv vz zt ut 



1^0. 



Pi, 5*2, 5*3, 54] — [Ti, T2, T3, T4] 



Writing [Si, 5*2, 53, S'4] as [u,v, z,t] ■ Bi, we have 



z t 

-M t 

-f M 

Q -V Q -z 



Bi 



-T2 T3 

-T4 -r3 

Ti -T4 

Ti T2 



The only (4 x 4)-deterniinant of Bi is (T1T4 — T2T^y' ^ Pq and its only irreducible factor 
T1T4 — T2T3 belongs to Q, then Ki = {T1T4 — T2T3} and we set Pi = Pq + (T1T4 — T2T3). 
Since T1T4 — T2T3 ^ (m, t>, z, t)R[Ti,T2, T3, T4] the procedure halts and returns 

Pi = {zTi - UT2, tTi - vT^, tT2 - vTs, uTs - zT^, T1T4 - T2T3). 

It is readily seen from the results in [Villarreal95] that Pi is the ideal of equations of R(/), 
i.e., Pi = Q. n 
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